Section 5.5 - The Distribution of a Linear Combination

DEFINITION Given a collection of nrandom variables X,, . . ., X, and n numerical constants
a,...,a,therv

n

I

Y=ale+---+a,,X,,=EaX (5.7)

is called a linear combination of the X’s. [ M + b] a E 5(_7 + b

PROPOSITION Let X, Xz .... X, have mean values u,, ..., u,, respectively, and variances
g, ..., ol respecnvely

1. Whether or not the X;'s are independent,
E(a X, + a,X, + -+ + a,X) = a,E(X)) + a,E(X,) + --- + a,E(X)
-— — e

c

=apm + -+ anpm, (5.8)

2. If X, ..., X, are il}gp_egdﬁm,

Via, X; + a,X, + -+ + a,X) = atV(X)) + aiV(X;) + --- + aiV(X)

= ajof + - + ajo] (5.9)
and
Taxssax, = Vajoi + - + ajo; (5.10)
3. Forany X, ..., X,
n n
Via X, +--- + aX) = 2 2 aaCov(X, X) (5.11)

i=1 j=1




Ex: A gas station sells three grades of gasoline: regular, extra, and super. These are
priced at $3.00, $3.20, and $3.40 per gallon. Let
X, =number of gallons of regular gas sold on a given day

X, =number of gallons of extra gas sold on a given day

X, =number of gallons of super gas sold on a given day

Suppose these are independent rv’s with
<,ul =1000, u, =500, i, =300, 0, =100, o, =80, 0, = 50 )
Determine the expected revenue from sales on this day.

Y= 3%, £3.2%, + 34X,
ELY] = 3e0x]+3.2 0N, T +34 ELXa] = Jo00 1 1) 3 1920

What is the standard deviation of sales revenue on this day? = ¥ S(20.-

N Y] = 3"V IxJ43.22 VIKa] + 342 VK, ]
= Yoo} >y 10.24( go) +11.5L (SOF - | 3UU3C
é\{ R EITEPE {aq .4,




PROPOSITION If X, X,, ..., X,are independent, normally distributed rv’s (with possibly dif-
ferent means and/or variances), then any linear combination of the X's also
has a normal distribution. In particular, the difference X, — X, between two

independent, normally distributed variables is itself normally distributed.

X|">()_ - N(“—("Mz,'é\z'{'bz>

VIX -] = 12 VDK + (1) VIX.J



More Examples:

1. A certain beverage company is suspected of under filling its cans of soft drink. The

company advertises that its cans contain, on the average, 12 ounces of soda with standard
deviation 0.4 ounce.

Compute the probability that a random sample of 50 cans produces a sample mean fill of

11.9 ounces or less. N =50 MY =], 65(- - -.ylfsa-

PR <ll.a) = Pz ¢ LI-12)




2. Suppose that the high daily temperatures in a small town in the eastern United States
have a mean of 58.6°F and a standard deviation of 9.8°F.

a) Suppose that a random sample of 16 high temperatures was chosen and the sample
mean was recorded. Give the values of the mean and the standard deviation of the

sample mean. q 2
" Pr = S80°F  Og = = A4°F

b) If a random sample of size 4 of average high daily temperatures is selected, find the
probability that the mean of this sample of average high daily temperatures is less than 57

oF,
P(X<57) = normokedf (-9999 59, 53,4, -‘;—'q‘l-)
< 3720

c) If a random sample of size 25 of average high daily temperatures is selected, find
the probability that the mean of this sample of average high daily temperatures is between
§'_7°F and 61°F. n - :15'

P(57<X<61) = normaledf (57,61, 596, %)

= proem (61, 53.6, Agf)— prirem(5T,3.63




M‘Z-I.S-QO & = |00

3. A certain brand of light bulb has a mean lifetime of 1500 hours with a standard
deviation of 100 hours. If the bulbs are sold in boxes of 25, what are the parameters of

the distribution of sample means? N= 28 o

Mg = | < 00
bg =" = a0
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