Section 2.1 — Limits

You've already spent some time studying algebrdel\you solve an equation
using algebra, you solve for a specific value efthariable. You can use
algebra to answer questions such as these:

* What are a company’s profits at a specific produrctind sales level?
* What is the population of a country at a given pairtime?
* What is the area of a common geometric shape?

Calculus, however, deals with dynamic situatiorsguations that change.
Typical problems that you will solve using calcuinslude:

« At what rate are the profits of a company changing?
* When does the rate of population growth startaavslown?
* What is the area of an arbitrary region?

In this course, you will learn to solve problemsldey with differential calculus
andintegral calculus.

Differential calculus focuses on the tangent linegjion: What is the slope of a
line tangent to a curve at a specific point? Yan ase this branch of calculus
to solve many problems dealing with rates of change

Integral calculus focuses on the area questionat\ighthe area between a curve
and the x axis on an interval, or what is the &etaveen two curves? Ina
typical problem, you’ll be given an expression whgives the rate at which a
guantity is changing and asked to find the totalngfe over a period of time.

These two branches of calculus are connected biyitdemental theorem of
calculus.

Both differential calculus and integral calculuk/ren the concept of a limit.
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What is a Limit?

When you are asked to find a limit, you are askedetscribe the behavior of a
function, f (x), asx gets really close to a specific number,If you can find a

number thaf (x) is approaching asgets close to the target numisethen you
can state the limit, asapproaches.

Definition: A functionf has limitL asx approaches the numbeif the value
f (X) gets close to the numbleras we lek get sufficiently close to (but not
equal to)c.
The notationjJim f(X) =L, summarizes this idea and is read “limitxas

X-C

approaches of f (x) isL.” The notationx - cis read “as< approaches c,”
meaning “as the value afgets closer to the number

Example 1: Use the graph to findirq f(X).

Solution: Using this graph, ag - 1, f(x) - O.

(%]
+ >

(5]
h
t
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So, lim (x) =0.

*k*k
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In the first example, the point (1, 0) was a pointthe graph of the function.
According to the definition does not have to ever equal the target number

Example 2: Use the graph to findirr(l) f(Xx).

Solution: Note that the graph does not include the poinbat). The
definition of a limit requires that, asapproaches a specific numbédr(x) must

approach a specific number. In this problem, as- 0, f(x) - 1.

Solirrg f(x) =1.

*k*k
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When Does a Limit Fail to Exist?

We will look at two situations where a limit doest exist:

Case 1. The value forf (x) approaches one value fovalues smaller than the

target numbec and approaches a different valuexXmalues larger than the
target numbec.

Look at the graph below. As - 0, f(Xx)approaches one value if you consider
numbers smaller than 0 arfdx) approaches a different value if you consider
numbers bigger than O.

¥y

In this case, you'll state thditrcl) f(X) does not exist. You may see this
X -
abbreviated as “dne.”
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Case2: The value forf(x) - o or f(X) - —oasx - ¢. This means that the
graph of the function has a vertical asymptot& atc.

In the graph below, the function values approaéhity as x - 0. So
Iing f (X) does not exist.

Lo ]
t t

i

Finding Limits Using Substitution

Most often, you will be asked to evaluate a limit gsatlgebraic methods. You
can use these properties to evaluate limits.

Properties of limits:

Supposdim f(x) =L and limg (x)=M . Then,

1. lerr;[ f(X)]" :[Iixma f( %] '=L for any real numbaer.
2. IXi;nacf(x) :clxirri f(X) =cL for any real number.
3. le;na[ f(X g(;<)] :Iixma f( % ilixmaq ¥ =LtM.
4. 1im{ £() o(x] =llim_f( ylim ¢ § =LM

im £(9

5. lim 1) == =—, providedM # 0
x-ag(x) limg(x) M
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Example 3: Evaluatelim (4x2 - X+ 7).

X2

Solution: Using Property 3, you can think of the problem as

lim (4x%) = lim (x) +1lim (7).

X2 X—2 X— 2

Then evaluate each limit by substituting 2xX@and evaluating.

lim (4x%) =lim (x) +lim (7) =4(2)° - 2+ 7=16- 2+ = 2.

X—2 X—2 X— 2
*k*
[ 2x*+/x+5
Example 4: Evaluatellml(?z} :
x--1 X

Solution: Using the properties, you can think of this pesblas

lim (2x2) Oim /x+5

X— -1 X- -1

lim (x2 +2)

X— =1

Now substitute-1 for x and evaluate:

217 3/-1+5_ 2003/ 4_ 212

(-2 +2 1+2 3 3z

~

*k*k

Example 5: Evaluatelim(zx * 5}.
x-4\ X—-4
Solution: Using the properties, you can think of this problkesn

lim(2x +5)

X4

im (x=4)

In this problem, substituting 4 farand evaluating would give a value of 0 in
the denominator. Since division by zero is notraed, this limit does not exist.
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Solim ( 2x+ Sj does not exist.
x-4\ X—4

This will be true any time substitution gives a fmaro number in the numerator
and zero in the denominator.

The graph off (x) = 2X*+5

has a vertical asymptote at=4. This is one of the

cases we saw earlier where a limit will fail tosgxi

*k*k

Indeterminate Forms

If substitution results irg, then you cannot immediately determine the lirhit o

the function. This is called andeterminate form — the limit cannot be
determined using the function as given.

You may be able to change the form of the funcimbo one that agrees with the

given function, except at the target number, aed @pply the limit properties.
Examples of two such methods are shown.

2
Example 6: Evaluatelim [w]
x-=1 - X+1

Solution: If you substitute -1 fox and evaluate, the resultgs, so this is an
indeterminate form.

Factor both the numerator and the denominator and samiitan simplify.

(23602 (20)

X+1 x+1

X— -1 X =1

Note the factorx +1in both the numerator and the denominator. You can
simplify as follows:
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X— =1 X+1 X -1

jim ((“2)(“1)}: jim (x+2)

Now you can substitute -1 farto find the limit:

Iinf_ml(x+2) =-1+2=1

2
x--1 - X+1

*k*k

X2 +3x+2

X+1
and g(x) = x+ 2. The first function is what was given in the staent of the

problem in Example 6, and the second functionesftimction you used to find
the limit in that problem — the simplified versioh f(x). The graphs of the

two functions are given here.
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Why does this method work? Let’'s examine the fiomst f (X) =

g (x)

The two graphs are identical, except where-1. The graph ofg(x) contains
the point (-1, 1); however, since(x) is undefined wherx =-1, the graph of
f (x) does not contain a point with=-1. From the graph of (x), you can
see that the limit exists. To find the limit, yoan useg(x) to find they value
of the point, which is the limit.
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You may not notice this difference between the gnaphs if you use a graphing
calculator to graph them both.

f(X) g(x)

However, if you look at the table with values near—1 for each function,
you’'ll see that the graph a@f(x) contains the poin(t—l,l) while the graph of

f (x) does not. Note the ERROR message in the tablie( )t

f(x) g(x)
& Yz
EHﬁm T:;? ﬁ'—:ﬂ? .ggs
-1.00z | .98 . :
-1.001 | ;8@g -1.0pi | .o@a
:1555 Eﬁoﬁouiﬁ :.1555 1.-:-:1
“Bag | dn0s Rar | I00E
=-1.8683 WM=-1.AA%

2 —
Example 7: Evaluatelim (Wj
x-3 X" -9

Solution: If you substitute 3 fok and evaluate, the resuIHgs, so this is an

indeterminate form.

Factor both the numerator and the denominator eadf you can simplify.

i £ a0
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Note the factorx — 3in both the numerator and the denominator. You can

simplify as follows:

im| B0 o (24

Now you can substitute 3 farto find the limit:

. (x—lj_S—l_ 2 1
lim = =— ==
x-3\ x+3) 3+3 6 3

Example 8: Evaluateling—w.
X X

Solution: If you try to do this by substitution, the resuitlwe the

*k*k

indeterminate forrpg. Factoring will not help to simplify this problerso

you’ll need to use another method.

You'll use a technique called “rationalizing thenmerator.” In this problem,

JX+9+3

you’ll multiply by :
VX+9+3

Notice thaty x + 9 + 3 consists of the same two

terms that are given in the numerator in the prableut the two terms are

added rather than subtracted.
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im \/x+9—3:Iim X+ 9- 3D\/x+ 9+ 3
-0 X x-0 X Jx+9+3
i X+9+3J/x+9-3/x+ 9- ¢

-0 x(\/xT9+3)

: X
=lim
X*Ox(\/x+9+3)
x-0/x+9+3
Now substitute O for x and evaluate:
im 1 a 1 1 1 1
-0 /x+9+3 J0+9+3 9+ 3 3+3 6
So“m—'x-'-g_?’:_l
X~ 0 X 6

*k*k

Finding Limits Using a Graphing Calculator

You can also use the table feature of a graphitayledor to help you determine
a limit.

[ X2 —4x+
Example 9: Evaluatelim [Wj
x-3 X" -9

Solution: First, use the graph of the function to determiribe limit exists.

Enter the function agl on theY= screen of your calculator.
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AME Flotz Flotbs
IR CRE—GH+Z D A0
bl |
M=
wWr=
wHy=
wMe=
wMWE=

Now view the graph of the function.

i

Note that ax - 3, f(X) is approaching some number, although you can’t tel
right away what valuef (x) is approaching.

b
IR

\

You can use the table to determine the limit. #225WINDOW to set up an
automatic table. Use the target number as Yobitart value, and choose a
small value such as 0.001 as yd\rbl value. For an automatic table, both the
independent and dependent variables should be Aetad.

THELE SETUF
ThlStart=3
aThl=.841

I ndrnit.: ]

Oerend:

Now view the table, by pressi®j® GRAPH.
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Scroll up, so that the target number is in the meiad the list of values fox.
Then look at the values fgd.

As the values fox approach the target number, the valuesfffx) are
approaching the number 0.333... . Convert thisftacion to find that

_ (x*-4x+3)_1
Ilm 2— - .
x-3\  x°-9 3

This is the same answer that you found algebrgigalExample 7.

*k*k

Example 10: Evaluateling —“X+9_3.
X X

Solution: Use the graph of the function to determine ifltimat exists.

Enter the function agl on theY= screen of your calculator.
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AL Flotz Flot:
SNAECT R+ =30,

M=
wWr=
wHy=
wMe=
wMWE=

Now view the graph of the function. Use the windely 1, -0.2, 0.5].

Note that asx —» 0, f(X) is approaching some number, although you can’t tel
right away what valuef (x) is approaching.

N

Now pres2™ WINDOW to set up an automatic table. Use the targeteum
as yourTblStart value, and choose a small value such as 0.00Guas\yT bl
value. For an automatic table, both the indepeinaiet dependent variables
should be set tAuto.

TRELE SETUR

Thl5tart=H
aThl=. 8681
Indrnt.: EE= A=k
Oerend: [glFiAs A=k
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Now view the table, by pressij}® GRAPH.

“ Y4
| ERFOF
T KT
anz 1566G
N K A6ERS
anly 15EEE
KTl A5EEY
0E AEEEY

=

Scroll up, so that the target number is in the meiad the list of values fox.
Then look at the values fgi.

= Y4
EXTxM| .15660
-00z | .1G6EA
-a01 | .1GRET
0 ERROF
ani 166G
a0z 1GGGEG
a0z 1BBRE
=-. B8B83

As the values fox approach the target number, the valuesffGx) are
approaching the number 0.16666... . Convert thesfraction to find that

VX+9-3_1
X 6

lim

X-0

This is the same answer that you found algebrgigalExample 8.

*k*k
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