Section 1.5 — Analyzing of Functions

In this section, we’ll look briefly at four typed functions: polynomial functions,
rational functions, exponential functions and laigpanic functions.

Example 1: What do you know about the graph of the funcfipx) = x> —9x?

Solution: We know that it is a polynomial function with oddgree and a
positive leading coefficient. Its basic shapeaks this:

This shows that asgets bigger, thg values will get bigger and the graph will be
in the first quadrant. As moves towards «, (really big, but negative), the
values will do the same, and the graph will behmthird quadrant. Recall that
cubic functions often have “humps” in the graph.

You should know the basic shapes of positive quexditanctions, negative
guadratic functions, positive cubic functions, negacubic functions, positive
quartic (4" degree) functions and negative quarti® ¢égree) functions.

Next, we can find the zerosg itercepts) of the function. To do this, we $et t
function equal to 0 and solve frr

0=x*-9x
0=x(x-3)(x+ 3
Xx=0, x=3, x=-3
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We have threa intercepts:(0,0),(3,0 and- 3,).
See Section 1.2 for help with factoring.

We can also find thgintercept of the functionf (0)= 0 - 9 0) = C, so the graph
passes through the origin.

With no more information than this, we can graph filmction. Plot the andy
intercepts. Use the shape information to fillhe test.

You will not know how high or low the “humps” ne&albe, but you can draw a
fairly accurate graph just from this informatioHere, we generated a graph, but
with the information we found you should be ablgitck out the correct graph
from a selection of graphs.

*k%k

X*=3x+2 _. . .
Example 2: Supposef (x)=2—9. Find thex intercept(s)y intercept(s),
X —

vertical asymptote(s) and horizontal asymptote(s).

P(X)
Q(x)
where P(X) and Q (x) are both polynomials. To start, factor everythimgt can be
factored:

Solution: This is a rational function, as it is a functiontioé form f (x) =

F(x) = (x=2)(x-1)
(x=3)(x+3)
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Recall that if you have a common factor in the ntatee and the denominator, you
can reduce by that factor. This will generate ke hothe graph. We don’t have
that here, so the graph of the function has noshole

To find the x intercepiset f (x) equal to 0 and solve for.

_ (x=2)(x-1)
~ (x=3)(x+3)

Multiply both sides of the equation by the denortondo clear the problem of
fractions. We have:

(x-2)(x-1)=0
Xx-2=0, x-1=C
x=2, x=1

We have twox intercepts(2,0) and(1,0).

To find the y interceptomputef (0). In this case,

()= ©0-D0-D_€2cD_ 2_
(0-3)(0+3) 3B -9

(ﬁll\‘l

The y intercept i{O,%ZJ :

We could also have easily found thantercept by looking at the original problem.
Sub in 0 forx in that function, and you can probably find thiatercept in your
head.

By the way, you may be asked to find thiatercept(s), implying that there can be
more than one. Don't be fooled. If there are twaonorey intercepts for your
graph, it's not a function. We’'ll only deal withrictions in this class.

To find the vertical asymptote(set the denominator equal to 0 and solvexfor
Note, if you have a common factor in the numeratat the denominator (which

Math 1314 Page 3 of 13 Section 1.5



we don’'t have here), you will reduce the fraction beforgliing any vertical
asymptote(s).

(x=-3)(x+3)=0
x—3=0, x+3=C
x=3, Xx=-3
These are the two vertical asymptotes.

To find the horizontal asymptotgou will need to compare the highest powex of
in the numerator with the highest poweixah the denominator. This number is
called the degree of the function. There are thossibilities:

Degree of numerator > Degree of denominator. ishdhse, there is no horizontal
asymptote.

Degree of numerator < Degree of denominator. isdhse, the horizontal
asymptote is 0. We write this gs 0.

Degree of numerator = Degree of denominator. ind¢ase, we make a fraction

out of the coefficients of the terms with the highpower and reduce it to lowest
terms. This is the horizontal asymptote.

Our problem falls into the third category, since lvesre x* in both the numerator
and the denominator. Both coefficients are 1,igchorizontal asymptote ys= 1.

We can use all of this information to graph thection.

*k%
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Exponential Functions

An exponential function is a function of the formx) € alb*. Note that the

variable is in the exponent. You should be abletmgnize and draw the graph of
an exponential function.

Example 3 Sketchf (x) =2*.

To sketch this, you can use a table of values, pharthe points. However, you
should be able to draw a rough sketch from memory.

X -3 -2 -1 0 1 2 3
f(x) 1 1 1 1 2 4 8
8 4 2

o7

8+ @

7+

6+

54

44 ®

34

L ] ;“ X

VI e R

Connect the points with a smooth curve.

NE
8__
7__
6,,
5__
44
3_,
2,,
- #-",) . 3
S 3 2 a4 1 203
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Recall that all basic exponential functions havs same shape. So any function
of the form f (x) = a*, a>1, will basically look like the graph shown in Exalap
3.

Often the function we’ll work with will involve thaatural exponential function,
f (X) = €. The base of this function is the numbegis the value that the

expressior{l+%) approaches as you leget bigger and bigger. This idea is

called a limit and we will study them in this coardlote thate=2.718281828.

You will find an e*key on your calculator. (It is exp( ) on the aelicalculator.)
It is sometimes convenient to remember that3.

Sincee=3, f(x)=¢€" is an exponential function of the forfn(x) = a*, a>1.
Compare the graph of x(=)€", shown below, with the graph df(x) =2* shown
on the previous page.

o]
8__
7__
6__
5__
44
3__
2__
= ‘/ 3
4 3 -2 -1 1 1 2 3

There are some important features of this function:

Domain: (-0, )

Range: (0,)

Horizontal asymptote: ags » —o, f(x) - 0.
Passes through the poi(@,1)

Math 1314 Page 6 of 13 Section 1.5



Any function of the formf (x) = a*, 0< a< 1will be a reflection of the above graph
over the y axis:

WA ANTOY
-t T T T T 7

There are some important features of this function:

Domain: (~co,c)

Range: (0,%)

Horizontal asymptote: as - o, f(x) - O.
Passes through the poi(@,1)

You should be able to solve exponential equations.
Example 4: Solve forx: 4* =32

Solution: We can write both sides of the equation with theeséase, 2. Since
4=2 and32=2, we have(22)X+4 = 2°. Solve this equation fox.

*k*
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Now we’ll turn our attention to logarithms.

A logarithmic function is the inverse of an expoti@nfunction. So if we have
y = 2%, the inverse of this function is=2".

This function is inconvenient to deal with. Lodgams help us with this and allow
us to rewrite the second function gs log, Xx. Now we can choose values for

and evaluate the function to firyd If we choose carefully, we’ll get integers.

The first thing you should be able to do is evalwalegarithm. You'll use the
definition of a logarithm to do this. The defintiof a logarithm says that

y =log, x if and only ifb’ = x Note thatb>0,b# 1 andx> (.

So,y is the power that you must raisé¢o if you want to obtaimn.

Example 5: Evaluatelog, 81.
Solution: We can rewrite this a®g,81=y. We want to findy.

Use the definition of a logarithm3” =81

Rewrite the right hand side 85. We have3’ = 3, soy = 4.

*k*k

Example 6: Evaluatelog(3000.

Solution: Note that no base is given in the problem. In tlaise, the base of the
logarithm is 10. This is called the common logamithin this problem we want to

find x in the problenil0* = 300(. We cannot write both sides of the equation
using the same base. We can, however, use aa@aicto find a decimal
approximation. Locate the “log” key on your caldola Type inIog(SOOQ and

press enter to find the answelng(SOOC) = 3.4771 You can check this by

computing10**’"'using your calculator. Remember that 3.4771 iscndal
approximation, so when you check, you will not gedictly 3000.

*k*k
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Example 7: Graph f (x) =log, X

Solution: Start by filling in a table of values. In this eashe values fox have
been strategically chosen to given rational ansyexs fractions).

X

o llTH

NP

1

2

4

f (x) -3 -2 -1 0

b
h N
t »
B
\

'
9]
h
t

All functions of the formf (x) =log, X, b> 1will have the same basic shape.

All functions of the formf (x) =log, X, 0< b< Iwill be the reflection of the above
graph over the axis.

Some features of basic logarithmic graphs:

Domain is(0,«)

Range ig—w, )

Graph passes through the point (1, 0)

The function is increasing ¢d,«)if b>1, and it's decreasing on
(0,0)if O<b<1.

You will work with the natural logarithmic functiomost of the time in this course.
This is the functionf (x) =log, X, so it's a log function whose baseeisThis

function is so important in mathematics that it ha®wn notation: f (x) =In x
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The graph off (x) =In xis shown below. Note the similarities betweenghaph
of this function and the graph df(x) =log, x.

2 4 6
2

-4

Y

There is an “In” key on handheld calculators whiah ke useful.
Example 8: Evaluate In 25.

Solution: We’'ll work this problem in a similar manner as werked Example 6,
and for the same reason. The problem is asking fisd x that will solve the

equatione* =25. Using the In key on a calculator, we find tha25= 3.21¢.

*kk
Properties of logarithms are very useful in calsulu
Here are the log properties you need to know:

SupposeéM, N andb are positive real numbersz 1, andr is any real number.
Then:

1. log MN = log M + log N
2. Iogb%ﬂong - log, N
3. loggM" =r logM
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Example @ Expand using log propertiesog[(x —3)(x+1)]

Solution: Using property 1Jog[(x - 3)( x+1)]=log( x— 3) + log(x+ 1). Note that
in this caseb = 10.

*k*k

4
Example 10: Expand using log propertiesn [%)

4

Solution: We’'ll use properties 2 and 3dn (X— =Inx*-Iny*=4Inx-2InVy.

2

y

*k*

0 3
Example 11: Expand using log propertiesog X 4}.

Solution: We’'ll use all 3 properties.

Iog{(xﬂ);((x— 5)4:| =logx® - log[( x+1)*(x- 9*]
=Iogx3—[log(x+ 1¥ + log( x- 5)4”

=3logx~[ 2log(x+ 1 + 4lod x- §]
=3logx - 2log( x+ ) - 4lod x- §

*k%k

Example 12: Express as a single logarithrtog, 7- log, 14
Solution: Reverse the process from the previous examples.
7 1
log, 7—-log, 14= log— = log—
9, 9, gzl 1 ¢ >
=log, 2"

=-1

*k*k

Math 1314 Page 11 of 13 Section 1.5



There are other properties of logarithms that yeeidito remember:
4. Ine*=x

5. € =x

6. Ine=1

7.In1=0

Example 13: Expand and simplify using log propertiels't(2x3e4x).
Solution: Using property 1ln(2x3e4x) =In2+ Inx+ In &

Using property 3Jn2+ Inx® +Ine™ =In2+ 3In x+ 4xIne€

Using property 6, sinckhe=1, we haveln2+ 3Inx + 4xIne= In2+ 3Inx+ 4.
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Logarithms can help you solve equations.

Example 14: Solve forx: 2" =10

Solution: We can’t write both sides of this equation using $hme base.
However, we can rewrite it using the definitionadbgarithm. Remember,

log, y = x if and only ifb* = y. We can rewrite this problem &=3,10= x. This
may be the correct answer. You can also use thiegehof bases formula to

rewrite this as log,10= Ilog120. You can use a calculator to find a decimal
09

approximation.log, 10= IoglO: 3.32.
log 2

You can also solve this equation by taking the comibog (base 10) or the natural
log of both sides of the equation. Then use |laperties to simplify and solve.
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log 2* = log10

xlog2=10g10
x=10910_ 3 355
log 2

Using the natural log instead of the common loddgéehe same result.

In2*=1n10
xIn2=1n10

x=w=3.322
In2

Example 15: Solve forx: 2In(x-3)=8

Solution: Start by dividing both sides of the equation by 2.
In(x-3)=4

Now use the definition of a logarithm to rewritestin exponential form.

e*=x-3
e*+3=x
57.598= x
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