SECTION 2.3 Quadratic Equations

Section 2.3: Quadratic Equations

» Solving by Factoring

» Solving by Completing the Square
» Solving by the Quadratic Formula
» The Discriminant

Solving by Factoring
Solving by Factoring

& guadratic equation iz an equation that can be written in the form

ax® +hx+ec =0
where a, &, and ¢ are real numbers with a = 0.

To solve a quadratic equation by factoring, rewrite the equation, if necessary, so that
one side 15 equal to 0 and use the Zero-Product Property:

ab =01 and onlyifa=00rb =10

Example Problem 1: Solve the equation 2x° +7x+3=0 by factoring,

Solution:
The equation i in the correct form since the right-hand side 12 0. Factor the left-hand side
and uze the zero-product propetty.

22 +7x43=10
(Zx+N(x+31=0 Factor
2x4+1=0 or x+3=0 Zero-Product Property
2x=-1 or x=-3

1

x=—— of x=-3
2

The solutions are x:—E and x=-3
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CHAPTER 2 Solving Equations and Inequalities

Example Problem 2: Solve the equation x° = 5(x+100) by factoring,

Solution:
Eewrite the equation so that one side 15 equal to 0. MNext factor and use the zero-product

propetty.

= 5(x+100)
& =5x+3500
¥ —5x-3500=0
(x=2Mix+20 =0 Factor
x=25=0 or 24+20=10 Zero-Product Property
x=20 or x=-20

The zolutions are x = 25 and x =20

Additional Example 1:
=molve the equation X +8x=-12 by factoning.

Solution:

x4+ 8x=—12
x4 8x 412 =—12410

X 4+8x+12=0
(x+6)(x+2)=0

Lpply the Zero-FProduct Property
x+E=0 or x+2=10

=olve both equations.

First equation: second equation:
x+6=10 x+2=10
x+6-6=0-6 x+2-2=0-2

x=—0h x=-2

The soluttons are x = -6 and x = -2,
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Additional Example 2:
Solve the equation 5x° = — 14z + 3 by factoring,

Solution:

5xf=-14x+43
Sxt4+1dx=—-1dx+3+14x
Sxt414x=13
S5x +14x-3=3-73
5 +14x-3=10
(Sx—Tx+H=0
Lpply the Zero-Product Property
Sx-1=0 or x+32=10

=molve both equations.

First equation: Second equati on:
Sx=1=10 x+3=10
Sx—-1+1=0+1 r+3-3=0-3
Sr=1 x=-3
Ax 1
G
1
r=—
5

The solutiong are x=§ and xr=-3.

Additional Example 3:
Selve the equation 4x° = 81 by factering,

Solution:
4x* =81
4x*-81=81-81
4x4—81=10
(2x+9(2x— =0

Lpply the Zero-FProduct Property
2x+9=0 or 2x-9=10
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CHAPTER 2 Solving Equations and Inequalities

=olve both equations.

First equation: Second ecuati on:
2x+9=0 2x=9=10
2x+9-9=0-9 2x=9+9=0+9
dx=-9 2x=9
Zx -5 Zx_?
Z 2 Z 2
9 g
r=——= ==
2 2
: G
The solutions ate x=—— andxr = —.
2 2
Additional Example 4:

Solve the equation 6x° — x= 4x by factoring.

Solution:

b —x=4dx
6rx' —x—dx=4x-4x

6xt—5x=0
xEx—01=10
Lpply the

Zera-Product Property

x=0 or 6x-5=10

From the first equation, we see that one solution 1s x = 0. Selve the second equation.

second equati on:

br—5=10
br—54+5=0+5%
bx="5

£

r=

ﬁx_ﬂ
&
5
&
The zsolutions are x =100 andx:g.
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SECTION 2.3 Quadratic Equations

Additional Example 5:
The length of arectangle 15 3 feet longer than its width, If'the area
of the rectangle 15 40 square feet, what 15 its width?

Solution:
Let x = width of the rectangle (in feet).

Then x+3 = the length of the rectangle.

Write an equation. (widthi(length) = area

x4+ 3 =40
x* +3x =40
X +3x—40=40-40
X +3x-40=0
(x+H(x-51=0

Apply the Zero-FProduct Property.
x+8=0 or z-5=10

solve both equations.

First equation: Second equation:
x+8=10 x=5=0
x+8-8=0-8 x=545=04+5
x=-u x=5

We must rule out — B for the width since the width cannot be negative.

Checl: the results.

x=5
x+3=5+3=8
(Width) 5ft
{Length) B ft

Area = (5ft)(8ft)=40sqft v
Answer the problem in a complete sentence.

The width of the rectangle 15 5 feet.
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CHAPTER 2 Solving Equations and Inequalities

Solving by Completing the Square

To solve a quadratic equation x° +bx+c =10 by the method of completing the square,
rewrite the equation as x° +bx = — and malke the left-hand side a perfect square.

2
To make x° +&x a perfect square, add (%] , the square of half the coefficient of x| to
2 2
get x* +hx+ E = x+E .
2 2

To solve ax’ +bx+c =0 (where a # 0 and & £ 1) by the method of completing the
square, rewrite the equation as ax® +bx = — and then divide both sides by @ to get
, & ¢ , & . By
" +—x=——_ MNextmake x°+—x aperfect square by adding | — | , the square of
c;t c;t e e
half the coefficient of x.

Example Problem 1: Solve the equation z° —10x +2=0 by completing the square.

Solution:
x-10x43=0
2-10x =-3 subtract 3 from both sides.

2
x —10x+25=—-3+25 Complete the square by adding (g] =25

(x—5) =22 Factor the perfect square on the LHS.
x—5=122
x=5%422

The solutions are x = 5+~q‘rﬁ and x=5—@.
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SECTION 2.3 Quadratic Equations

Example Problem 2: Sclve the equation 2x° 4+8x41= 0by completing the square.

Solution:
2x +8x+1=10

subtract 1 from both sides

Divide both sides by 2.

2
At dr4d =— 15 +4 Complete the square by adding [g] =4

xj+4x+4=% Simplify on the RHS.
(x4 2)° :% Factor the perfect square on the LHE.
x+2=% E
2
crooadd 1T T2 4
T2 2 2 e 2
x:—2i—14
2
Thnas-::-luti-::-nsa:rEx:—E—E d :—2+g.

Additional Example 1:

Solve the equation X —dx—5=0 by completing the square.

Solution:
x2—dx-5=0
X —dx—545=0+5

x2—dx=5
2

1
X —dx+4=5+4 Clomplete the square for x~ — 4z by adding(— -(—4)) =4
2

x2—dz+4=9
(x—2)% =9
x—2=49
x—2=43

x—2=3 or x—2=-3
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CHAPTER 2 Solving Equations and Inequalities

=molve each equation by adding 2 to both sides.

First equation: second equation:
x—2=73 x—2=-3
x—242=3+2 x—2+2=-34+2

x=5 r=-1

The seluttonz are x=5and x = -1,

Additional Example 2:
Zolve the equation  +10x+13=0 by completing the square.

Solution:
2 +10x+13=0
2 +10x+13-13=0-13

2 +10x=—-13
2

1
* +10x+25=-13+25 Complete the square forx° +10x by adding(— -llil) =25 .
2

x +10x+25=12
(x+5)7° =12
x+5=tf12
x+5=123
x+5-5=42J3-5
x=—-5+2.3
The zolutions are x = —5—2-‘5 and x = —5+2J§.

Additional Example 3:

: 2 :
Solwe the equation x° = 1- 3 x by completing the square.

Solution:
X = l—gx
3
x2+—x:1—§x+—x
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SECTION 2.3 Quadratic Equations

7 2 1 5 2 _ (1 2)3 1
4 —=—x+—=1+- Complete the squate for »° +—x by adding | —.—| =—
3 3 z 3 9
g 2 1 10
¥ +—-—x+—=—
G
( 1]2 10
+—=| =—
3 G
x+l:i 1
3 G
x+l=i@ Simplify the radical. E=ﬁ=£
3 3 9 Jsu- 3
el 1og¥i0 1
303 303
x:—li—ﬂ
3 3
1
The zolutions are x:———@ andx:—l+@.
3003 303
Additional Example 4:

Solve the equation 2x° +8x43 = 0 by completing the square.

Solution:
ot 4 8x43=0
2x 4 8x43-3=0-3

2x +8x= -3
oxt 4+ 8x 3
——=

X +dr=—

I
|4

e P ) e

2 3 2 . 1 :
x +4x+4=—5+4 Complete the square for »° +4x by adding | —.4| =4.
2

+dx+4=

(x+20% =

M|mm|u-.
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CHAPTER 2 Solving Equations and Inequalities

Jr+2:i\!E
2

V10

The solutions are x = —E—T ammdxr=—-2+ g

Solving by the Quadratic Formula
Solving by the Quadratic Formula

The solutions ofthe equation ax’ +bx+c =0, where @ £ 0, can be found by using the

guadratic formula:
b b —dac

2o

X

Example Problem 1: Solve the equation 5x° — 2x— 2=0 by the quadratic formula.

Solution:

Substitute a = 5, b =—2, and ¢ = —2 into the quadratic formula.

(AP -4A(5)(-2) 243140 2444 24211 111
£ 205) T 1w 1w 10 s

1++11 1-Af11
and x= .

5 5

The solutions are x =
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SECTION 2.3 Quadratic Equations

Example Problem 2: Sclve the equation 4x° —x =3 by the quadratic formula.

Solution:
Eewrite the equation so that the right-hand side 15 0.

45 —x=3

4x'—x=3=10

substitute @ =4, & =—1, and ¢ = —3 into the quadratic formula.

C(DEJED A= 1+fTH4E 1245 127
= 2(4) T 8 8 s

r=—

1-7 -6 3
B

The solutions are x=—=— and x=1.

Additional Example 1:

Solve the equati on x*—d4x=5 by the quadratic formula

Solution:

To solve the equation using the quadratic formula, rewrite the equation so that
the EHE 15 equal to 0.

X —4x=35
x2—4x-5=0

cubstitutea =1, b= —4, ande = -5 1into the quadratic formula

_-b + 5% —dac

2a

_ YA -4 ED)
2(1)

X
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CHAPTER 2 Solving Equations and Inequalities

4E4/16+20

=5 o r=—=-1

2
4+6 4-6
2 2

The soluttons are x =5 and x = -1,

Additional Example 2:
=olve the equation X +10x+13=0 by the quadratic formula.

Solution:
cubstitutea =1, =10, and ¢ =13 into the quadratic formula

_ —biyb —dac

2ot
10+ \((1 0)2 —4{1i(13)
201

~10+00-52

2
—10+./48
2

10443
2

_5+2.3

X

The solutions are x = —5—2@ and x = —5+2u’§.
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SECTION 2.3 Quadratic Equations

Additional Example 3:
Selve the equation 2x° +8x43 = 0 by the quadratic formula

Solution:
substitutea = 2, =18, ande = 3 into the quadratic formula.

_—byfb’ —dac

2ot

_-BE 423

2(2)

B+ f64—24
-

X

The solutions are x = —2—%@ andx:—2+%m.

Additional Example 4:

The sum of the seuares of two positive consecutive even integers
13 1460, "What 15 the smaller integer?

Solution:
Let x = the smaller mteger
Then x+ 2 = the larger integer

Write an equation.

{zcuare of the smaller mteger )+ (square of the larger mteger ) =1460

4+ (x+2° =1460
X +xt +dx+4=1460
2t +4x+4=1480
2x% +4x+4 - 1460 = 1460 — 1460
2x' +4x-1456=0

MATH 1310 College Algebra
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cubstitute a = 2, =4, ande = —-1456 into the quadratic formula.

_ —b b’ —dac

B et

442 —a(2)(-1456)
- 2(2)

4+ f16 +11648
4
_ —4+.fl1664
-
_ —4+108
4

X

Determine the solutions to the quadratic equation 2x% +4x—1456= 0.

. —4-108 _ —112:_28 of re —4+108: 104: 56

4 4 4 4

We must rule out the solution x = =28 since the problem calls for positive integers.

Checl: the results.

x=26
x+2=28

(2612 =676
(28)¢ = 784
676+784=1460 v

Answer the problem in a complete sentence.

The smaller mteger 15 26
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SECTION 2.3 Quadratic Equations

The Discriminant

The Discriminant

The discriminant of the equation ax® +bx4+c =0 (g2 £ 07 is given by
D= —dac.

If D= 0, then the equation ax® +bx+c = Dhas two distinct real solutions.
If D=0, then the equation ax® +bx+c = Ohas exactly one real solution.
If £ <= 0, then the equation ax° +bx+c = Ohas no real solution.

Example Problem 1: Without solving the equation z® —x—6 =0, determine how many
real solutions the equation has.

Solution:

Find the discriminant.
D=(-1*—4(D)(-6)=1424 =25 > 0. The equation has two distinct real solutions.

The figure below shows why the equation x° — x— 6 = O has two real solutions.

64
\ y=x'-z-6/
\ 44 ]
L} 4
L 4 i
-
\ 1
! : 4
3 ! 1 U] 1 2 3 4
1 X
_"'l
.1.-
.r,-E. _

The two solutions to the equation W —x—6=0are x=—2 and x =3, which are

the z-intercepts of the graph of the equation y=x° —x -6,
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Example Problem 2: Without solving the equationdz® +12x49=0, determine how
many real solutions the equation has.

Solution:
Find the dizcriminant.

D=(12)* —4{4)9 =144 144 = 0. The equation has exactly one real solution.
The figure below shows why the equation 4x° +12x49 = 0 has one real solution.

/

V=42t 12249 e/

The solution to the equation 4x° +122x4+9=01isx=—1.5, which is the
x-intercept of the graph of the equation y = 4x° + 1224+ 9.

Example Problem 3: Without solving the equationz® +x+5= 0, determine how many
real solutions the equation has.

Solution:
Find the discriminant.

D=1 45 =1-20=-1% <0 The equation has no real solution.

The figure below shows why the equation x° +x 45 = 0 has no real solution.

g

-
¢

[~

oh

The equation x° +x +5=0 has no real solution. The graph of the equation
y= x4+ x+5 does not cross the x-axis. The graph has no x-intercepts.
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SECTION 2.3 Quadratic Equations

Additional Example 1:

Tze the discriminant to determine the number of real solutions to the equation

4x* =5-3x Do not solve the equation.)

Solution:
Eewrite the equation so that the EHS 15 equal to 0.

4x° =5-3x
4x% +3x=5-3x+3x
4x% 43x =5
4x° +3x-5=5-5
4x° +3x-5=0

Substitute e =4, =3, ande = -5 into the discrnimmuinant.
D=b% —dac

= 3%~ 4(4)(-5)
=9 +50
=133

The equation has two distinct real solutions since D =89 = 0.

Additional Example 2:

Tze the discriminant to determine the number of real solutions to the equation

X +6x=—13. Do not solve the equation.)

Solution:
Eewrite the equation so that the EHZ 15 equal to 0

P +bxr=—13
e+ bx+13=-13+173
X+ 6x+13=0

substitute a =1, A=6, and £ =13 into the discniminant.
D=5 —dac

= 6% —4(1)(13)
= 36— 52
=-16

The equation has no real solutions since D=-16 <0
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Additional Example 3:

Tze the discriminant to determine the number of real solutions to the equation

25x° +60x = —36. Do not solve the equation.)

Solution:

Eewrite the equation so that the EHS 15 equal to 0.
25x +60x=—-36

25x° +60x 436 = =36 +36

25x° +60x+36 =0

substitute @ = 25, A= &0, and ¢ = 36 into the discriminant.
D= - dac

= (60)2 —425)(36)
=3600- 3600
=0

The equation has exactly one real solution since 2 =10

Additional Example 4:
Tze the discriminant to find all values of £ so that the equation

i +8x+k =0 has exactly one real solution.

Solution:
Substitutea = 25, 5= 8, andc = & into the discrniminant.
D= % —dac

= 8% — 4(2k)( k)
= 64 - 8k

The equation has exactly one solution when 2= 0. Zet 2= 0 and solve the

resulling equation for &

0= 64 —8k?
0+8k? = 64 —24% + 8k
2k’ = 64
gk 64
F 8
K=z
k=13
k=122
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Exercise Set 2.3: Quadratic Equations

Solve the following equations by factoring.

1. x*-10x+21=0

2. x*+13x+40=0
3. x(x-2)=35
4. x(x+8)=20
5. xX*+14x=72
6. x*-60=1lx
7. 2x*=7x-15=0
8. 3x’-T7x+4=0
9. 6x2+17x=-12

10. 10x*-7x=6
11. x*-25=0
12. x*-49=0
13. 4x*-9=0

14. 36x>-25=0

Solve the following equations by factoring. To simplify
the process, remember to first factor out the Greatest

Common Factor (GCF).

15. x*—8x=0

16. x*+10x=0

17. -3x*+21x=0

18. 5x*-30x=0

19. 3x*-12=0

20. —7x*+7=0

21. —5x*—15x+90=0
22. —4x* +20x+24=0
23. 80x* +230x—30=0

24. 12x*-75x+18=0

MATH 1310 College Algebra

Find all real solutions of the following equations by
completing the square.

25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.

X +8x+12=0
x> —6x—40=0
x(x—10)=-18
X’ +4x=-8

2 +14x+60=0

x(x+12)=-28
x> +5x-5=0
x2=7x+2=0

3x* —12x-5=0
2x% +12x=-3
—4x* +8x=-6
—5x2 —40x-78=0
3x* —5x=-2

8x% —6x—5=0

Find all real solutions of the following equations by
using the quadratic formula.

39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.

x> +5x+2=0
X2 =T7x+3=0
x> —6x+8=0
x*—2x=15

X2 +5x+7=0
x*—8x=-16
X2 +10x+25=0
4x* —6x+5=0
3x% —5x=-1
2x* +3x-6=0
—2x*—6x-3=0
—5x2 +8x—1=0
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Find all real solutions of the following equations by
using a method of your choice.

51.
52.
53.

54.

x> =10x+16=0
x> —6x-8=0
2x2—4x=5

3x2 +12x=36

Use the discriminant to determine the number of real
solutions of each equation. (Do not solve the equation.)

55.
56.
57.
58.
59.
60.
61.

62.

x*=5x+2=0
2x* +3x+7=0
X2 +dx=—4
3x? —6x=-3
x> +4x=-5
3x? +7x-2=0

x2—cx—d =0, whered >0

3x2—rx+t:0,wheret<0

Use the discriminant to find all values of k so that each
of the following equations has exactly one solution.

63.
64.

kx?+6x+3k=0

4x? +kx+49=0

For each of the following problems:

(a)
(b)

65.

66.

116

Model the situation by writing appropriate
equation(s).

Solve the equation(s) and then answer the
question posed in the problem.

The length of a rectangular frame is 5 cm longer
than its width. If the area of the frame is 36 cmz,
find the length and width of the frame.

The height of a right triangle is 4 inches longer
than its base. If its diagonal measures 20 inches,
find the base and the height of the triangle.

67.

68.

69.

70.

71.

72.

The height of a triangle is 3 cm shorter than its
base. If the area of the triangle is 90 cm®, find the
base and height of the triangle.

Find x if the area of the figure below is 26cm®.
(Note that the figure may not be drawn to scale.)

X cm

3cm

X cm

Find two consecutive odd integers that have a
product of 255.

Find two numbers that have a sum of 39 and a
product of 350.

John can paint the fence in 3 hours less time than
Chris. If it takes them% of an hour when

working together, how long does it take each of
them to paint the fence individually?

Marie takes 1 hour more time to clean the house
than Tina. If it takes theml% hours when

working together, how long would it take each of
them to clean the house individually?
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