SECTION 1.1 Points, Regions, Distance, and Midpoints

Chapter 1

An Introduction to Graphs and Lines

Section 1.1: Points, Regions, Distance and Midpoints

» Points in the Coordinate Plane
» Regions in the Coordinate Plane
» The Distance Formula

» The Midpoint Formula

Points in the Coordinate Plane

Points in the Coordinate Plane

A point P in the coordinate plane 15 located by a unique ordered pair of numbers [a,b).

The number a 1z called the x-coordinate and the number & 1z called the y-coordinate.

¥ F 1
4
| 1
=== == - .’Pq‘:'l. B
|
|
|
1
4 2 u 24 .
24
11 IV
-4

MATH 1310 College Algebra 1



CHAPTER 1 An Introduction to Graphs and Lines

Example Prohlem: Findthe coordinates of the points shown in the figure below.

b
5
4
« B 3
2 A
1
5 5 4 3 -2 -193 1 2 3 4 5 6
« C -1
iy s E
3% D
-4
5
-6
Solution:
Answer
A lies in Quadrant I | Both coordinates are positive. (1,2)
E lies in Quadrant IT. | The first coordinate 1z negative. [_3, 3)
The second coordinate 15 positive.
 lies 1n Quadrant ITT | Both coordinates are negative. (4, -1
D lies onthe y-axis. | The first coordinate 15 0. (0,-3)
E liez in Quadrant IV, | The first coordinate 1z positive. (4,_2)

The second coordinate 15 negative.

Additional Example 1:
Plot each of the following points in a coordinate plane and 1dentify the quadrant

{of amis) in which each pointis located.

[-2,4).01,3).(5,0),[-3,-1), and [2,—4]
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SECTION 1.1 Points, Regions, Distance, and Midpoints

Solution:

5

o (-2,4) 4
3 o1, 3
2

(5, 0)

-4 o2, -4

The point {— 2.4 15 1n Cuadrant IT since the first coordinate 15 negative and
the second coordinate 15 positve. To plot the point, begin at the origin and

move two units left and then 4 units up.

The point (1,3) 13 1n Quadrant I since both coordinates are positive. To plot

the point, begin at the origin and move 1 unit right and then = units up.

The point (5,00 lies on the x-axis since the second coordinate 15 0. To plot the

point, begin at the origin and move 5 units right.

The point (=3, —1) 12 1n Quadrant IT since both coordinates are negative. To

plot the point, begin at the ongin and mowve three units 1eft and then 1 unit down.

The point (2,—4) 15 1n Cuadrant IV since the firsteoordinate 12 positive and the
seconnd coordinate 15 negative. To plot the point, begin at the origin and mowve

two units right and then 4 units down.
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CHAPTER 1 An Introduction to Graphs and Lines

Additional Example 2:
Find the coordinates of each of the points shown in the figure bel ow and then

identify the quadrant (or axiz) inh which each point 15 located.
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Point & 151n Cuadrant IIT. To get to the point, begin atthe origin and mowve 3
units left for a first coordinate of — 3 and then 2 vnits down for a second

coordinate of — 2.

Point B iz on the x-axis. To getto the point, begin at the ongin and mowve 2

units left for a first coordinate of — 2. The second coordinate 15 0
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SECTION 1.1 Points, Regions, Distance, and Midpoints

Point Ciz on the v-axiz. To getto the point, begin at the onigin and move 2

units up for a second coordinate of 2. The first coordinate 15 0

Point D isin Cnadrant I To get to the point, begin at the ongin and move 1

unit right for a first coordinate of 1 and then 1 unit up for a second coordinate

of 1.

Point E 1s in Quadrant IV, To get to the point, begin at the origin and mowve 2
units right for a first coordinate of 2 and then 1 unit down for a second

coordinate of —1.

Additional Example 3:
Diraw the square with vertices [—1, 3:] . (—1,—1), (3,3), and (3,—1). What 15 the

area of the square?

Solution:
{ 44 4 units }
(-1, 3) —3 83,2
A
Vo2
1 4 units
2 -1 v ""1""'2","3""&
(-1, -1j0—4 Y e(3,-1)

24
The length of each side of the square 13 4. The area of the square 13 4 =16.

Regions in the Coordinate Plane

Regions in the Coordinate Plane

The zet of all points in the plane with y-coordinate equal to the number & can be written
as{[ x,y:l | ¥= ﬁ:} . The graph iz a horizontal line. Each point on the line has a second

coordinate of &

The set of all points in the plane with x-coordinate equal to the number & can be written
as{[ x,y:l | x = k} . The graph 15 a vertical line. Each point on the line has a first

coordinate of &
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CHAPTER 1 An Introduction to Graphs and Lines

4 {x.p) | y=3}
2-
1-
3 2 -1 u 1 2 3
_'|-
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o
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(x| x=-1}
.2
3 13'

The region consists of all points that:

(a) lie on the line y = 2;

(b) lie between the linesy =2 and y =-3.
The broken line y = —3 indicates that points
on this line do not lie in the region.
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SECTION 1.1 Points, Regions, Distance, and Midpoints

{(x, y)|1<x<4}

ot

The region consists of all points that lie
between the lines x =1 and x =4. The
broken lines at x =1 and x = 4 indicate that

points on this line do not lie in the region.

Example Problem: Describe the region given by each set.

(0 {(z.»)]|0<x <3
(2) { (x| x=-5}
(3) ((x0)]|-1=y <5

Solution:
{1) The region consists of all points that lie between the vertical inesx =0 andx =3,
(21 The region consists of all points that lie on the vertical linex = —35.

{=) The region consists of all points that lie on the horizontal line ¥ = —1 together with
those points that lie between the horizontal linesy = —l andy =35

Additional Example 1:
=leetch the region: {[ x,y:l Cx= 4}

Solution:
Each point in the given region has a first coordinate of four. All points with a

first coordinate of 4 lie on the vertical line x =4,
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CHAPTER 1 An Introduction to Graphs and Lines

x=4

44 1)

(4. 0

Additional Example 2:
sSketch the region: {(x,y) DY 1}

Solution:
Each point in the given region has a second coordinate thati1s greater than 1. All

NI}

points with second coordinates greater than 1 lie above the horizontal line y=1.

The broken line ¥ =1 indicates that points on this line do notlie in the region.

4

University of Houston Department of Mathematics



SECTION 1.1 Points, Regions, Distance, and Midpoints

Additional Example 3:
Sketch the region: {[x,y) e L 3}

Solution:

The given region 13 the intersection of two regions: {[ x,y): y= —2} and
{(x,y):y -:3}. The first region {[x,y:l: yE—E} 1z the set of all points in the
plane that lie on or above the horizontal line ¥ =—2. The second region

{( x,y;l T¥ 3} 1g the set of all points in the plane that lie below the hon zontal
line y=3 Theintersection of the two regions s the set of all points in the plane
that lie on the horizontal line y = —2 together with thosze points that lie between
the two horizontal ines y= -2 and w= 3 The broken line y =3 indicates that

points on that line do not lie in the given region.

pi
3 y=3
o
H+
-2 -1 1 2
~1t+
= y==-2
—3+
4+
_&+

Additional Example 4:
Sleetch the region: {[ x,y:l cxxlandy < 3}

Solution:

The given region 13 the intersection of two regions: {I:x,y;l: X 1} atid
{(x,y) v -::3}. The first region {[x,y] Cx 1} 1z the zet of all points in the
platne that are to the nght of the wertical line x =1, The second region

{( x,y:l Yo 3} 15 the set of all points in the plane that lie below the horizontal
line wy=23 Theintersecton of the two regions 15 the set of all points in the
plane that lie to the right of the wertical line x =1 and below the horizontal

line w=3 The broken lines indicate that no points on these lines lie in the

ZIVEN TEZION.
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CHAPTER 1 An Introduction to Graphs and Lines

The Distance Formula

The Distance Formula
The distance between two points A (x, 3] and B(x,, »,) inthe plane 15 given by

L’i(A,B) = ‘J('xz _'xl}z +(J’,2 _.J",l}z

37
2_ '-'Blix:ra.}’zj
1-
3 2 a4 U 1 2 3 4 5

] B =5 -0 -0

Alm)e”
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SECTION 1.1 Points, Regions, Distance, and Midpoints

Example Problem: Find the distance between the points A (3,-2) and B (-1, 3).

Solution:
substitute x; =3, ¥, =—2, x, =—1, andy, = 3into the distance formula

A4, By = J(—l — 3 (3 (=0
= J(-?+(3+2)°

J6+25

JA

Additional Example 1:
Find the distance between the points ['L 3:1 and [2,5).

Solution:
Tofind the distance between the points [1,3) and (2,5) substitute 3 =1, = 3,

xy =2, and y, =5into the distance formula

d = \f{xz _xl:lz +[ys —.}’1:'2

=J[2—1)2+(5—3;F
= J17 4 22

Additional Example 2:
Find the distance between the points [D,—B:I and (—4, 5:].

Solution:

Tofind the distance between the points [D,—3:l and [—45:] substitute 5 =0,

3 =3, %y =—4, and y, = 51nto the distance formula.
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CHAPTER 1 An Introduction to Graphs and Lines

2 2
d = [?fz—xl:' +(J’2 _.}’l:l

(—4=0F +(5- 3V

(—4)% +[5+3)°

Il

=J16+8°
= J16+64

Th

&

Additional Example 3:
Find the distance between the points [—2, 2) and [—5,1).

Solution:
Tofind the distance between the points [—2, 2:] and [—5, 1:] . fubstitute xy = -2,

3 =2, %y =-5, and y5 =linte the distance formula.

2
d = xz_xl:' +(J’2_3’1:‘

[ 2
(—5- (=2 +[1-2V

"i'-—."""'-—.

2 2

=f[-5+2)" +(-1)

(=31 +1

Additional Example 4:
Are the points [—1,8), [1,12), and [3,16) collinear?

Solution:
The distance formula can be used to determine if three points &, B, and C are

collinear. I &4, BY + &(B. =404 C), then & B, and C are collinear.
Thiz is tllustrated in the graph shown below.
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SECTION 1.1 Points, Regions, Distance, and Midpoints

Tofind the distance between the points I:—I,SII and [1,12:1 substitute ; = -1,

3 =8,x =1, and y, =12 1nte the distance formula.

To find the distance between the points [1,12] and [3,16) substitute x; =1,
w =12, x5 =3, and y, = 16 1nto the distance formula

d = \j[xz—xlfﬂi"z —J’l)z
= J3-12 +(16-12)°
SN
_ JiTT

=4f20

=5

MATH 1310 College Algebra
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CHAPTER 1 An Introduction to Graphs and Lines

To find the distance between the points [—1,8) and [3,16) substitute x =—1,

W =0,x =3 andy, =16 into the distance formula

The distance between the points [—1,8:] and[l,l?) 13 ExE. The distance between
the points (1,12] and [3,16) 15 2«5. The distance between the points (—1,8)
and [3,16) is 445

Since 2J§+ Ew.ﬁ = 415,1:11& points are collinear.

The three points are shown in the graph below.

161 (3, 16)

“] 1.12)
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SECTION 1.1 Points, Regions, Distance, and Midpoints

Additional Example 5:
Dretermine 1f the points [—1,2), [I,D:l, atid [3,2] are the vertices
of a right tnangle.

Solution:
If [d(a,B)] + [3@.0f =[d¢a,0f then A, B, and C are the vertices of a

right tiangle as 15 illustrated in the graph shown below.

To find the distance between the points [—1, 2:1 and (1,0) substitute xy = -1,

W =2,15 =1, and y, = 0into the distance formula

2

d = 'Ixz‘xlf"'(ﬂ’z -]
|

&

To find the distance between the points [1,(1:] and (3, 2:1 substitute 5 =1,

W =0, 5% =3 and y, =2 into the distance formula

MATH 1310 College Algebra 15



CHAPTER 1 An Introduction to Graphs and Lines

Tofind the distance between the points [—1, 2) and (3, 2:1 substitute x = -1,

W =2, % =3 and yy = 2 inte the distance formula

The distance between the points (—1,2:1 and (1,0) 18 2«4‘5. The distance
between the points (1,0) and [3,2) is 24f2. The distance between the points
(-1,2) and (3,2) is 4.

2 2
SiCE (2\5) +(2~J'§:| =d+8=16= 42,the points are the vertices of a

right triangle.

The three points are shown in the graph below.

LY 3.2,

e
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SECTION 1.1 Points, Regions, Distance, and Midpoints

Additional Example 6:
Determine which of the points [—3,—1:1 or (6,1) 13 closer to the point [1,2:1.

Solution:
We need to find the distance between (—3,-1) and (1. 2) and the distance

between (6, 1) and (1,2) by using the distance formula

Tofind the distance between the points [—3,—1] and [1,2:], substitute x = -3,

» =-—1,x3=1, andyy = 2 into the distance formula.

d = szz 1:' ( .3"’1:'2

(1= +(2- (D)

2

I

[1+3) +(2+1)

Tofind the distance between the points [6,1) and (1,2), substitute x = 6,

W =12z, =1, andy = Zinto the distance formula.

The distance between (=3, -1 and (1, 2) 15 5 and the distance between (6,.1)

and (1,2 is +/26.

mince 5 :—JE -::JE, the point (=3, —1) 15 closer to the point {1, 2).
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Additional Example 7:
Tse the Pythagorean Theorem to find the distance between the points

4(1,3) mdB(5,2).

Solution:
Flot the points A [1, 3) and B [5, 2) and draw line segment AB.

A(1,3)

3
‘\55, 2)
27

Find a point C such that tnangle ABC 1z anghttriangle. Draw triangle ABC

41
A71. 3
3_
Niz)
21 L
0,20
1_
. 17273 4 A s

Leta and & denote the lengths of the legs of AABC. Lete denote the length
of the hypotenusze of AABC, Determine & and & from the graph.

47

1 401, 3)

3': e

=1 B(5, 2)
27 e -

] oy o=

1_'

i 1 2 3 4 & 6
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SECTION 1.1 Points, Regions, Distance, and Midpoints

Use the Pythagorean Theorem to determine c.
¢ =+Ja’ +b?
—ufa? 112

16+1

Jo

The Midpoint Formula
The Midpoint Formula

The midpoint ofthe line segment that connects two points A(x, ) and Bix,, »,) inthe

JC1+JC2 _]?1+_]?2
2 72

plane 1z given by

Br:xz,yz)

"&“(xl:.}’l)
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CHAPTER 1 An Introduction to Graphs and Lines

Example Prohlem: Findthe midpoint of the line segment joining the points & [—2,—3)and
BH, 2).

Solution:

substitute x =—2,3 =-3, %, =4, and ), = 2 inte the midpoint formula
Midpoint = | —o4 % Z2¥2) (2~ 1
2 2 2 2 2

Additional Example 1:
Find the midpoint of the line segment connecting the points

(-2,5) and (1,-3).

Solution:
Tofind the midpoint of the line segment connecting the the points [—2, 5) atid

[1,—3), substitute ;) =—2, 37 =5, x, =1, and y, =3 into the midpoint formula.

Mdpoint—( 1t % yl +y2]

241 5+(- 3)]
2

(7
&
(3

Additional Example 2:
Find the midpoint of the line segment connecting the points

(0,-3) and (4,5).

ml-—t

Solution:
Tofind the midpoint of the line segment connecting the points [D,—E;I atued

[4,5:] . substitute ) =0, 3 =-3, x5 =4, and y = S1inte the midpoint formula.
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Ll dpoint = (xl TH AT ]
2 2
0+4 —345
) (T 2 ]
4 2
&2
= (2.1)
Additional Example 3:

Find the midpoint of the line segment connecting the points
[—2,2] and [—5,1).

Solution:
Tofind the midpoint of the line segment connecting the points (—2, 2] and

(—5,1), substitute % =—2, 3y =2, x5 =-5, and yo =11inte the midpoint formula

Mdpoint:[xl-;xz,ﬁ-kﬁJ

2
_(—2+(—5} 2+1J
R

43

Additional Example 4:
The point[ll}l 15 the midpoint of the line segment AB . If A 13 the point

(—1,5), find the point B

Solution:
Let x be the first coordinate of B, Let v be the second coordinate of B

Find the midpoint of the line segment AR by substituting x, = -1, =5,x, = x,

and y, = » into the midpoint formula

MATH 1310 College Algebra

21



CHAPTER 1 An Introduction to Graphs and Lines

i dpoint ofﬁB:(xl"'xE J’1+J’2]=(—1+x 5+y]
2 ' 2 2 ! 2

We are civen that the midpoint of the line segment AR 13 the point [3,1).

Midpoint of AR = (—lg-x,i_yJ =(3.1)

Two points in the plane are equal if their corresponding coordinates are equal.
Setting first coordinates equal to each other and setting second coordinates

equal to each other, we obtain two equations.

: . -1+x
First equation: =

S+
3 mecond equation: Ty =1

Solve the first equation for x to find the first coordinate of B

-1+
x=3
2
—14+x=8
r="7

Solve the second equation for v to find the second coordinate of B

5+;u:1
2

J4v=1=2
y=-3

The point B 15 [?,—3).

Additional Example 5:
iven the points ﬁ[l, 1:1 B [3, 3), and C[5,4:I, determine the point

D zo that ABCD iz a parallel ogram.
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Solution:
Let x be the first coordinate of D Let v be the second coordinate of T

Plot the points &, B, and C. Draw a parallelogram. The two diagonals, line

segment AT and line segment BD, must have the same midpoint.

Find the midpoint of the line segment AC by substitutingx =Ly =17, =3,

and y, = 4 into the midpoint formula.

Mt o =35 2 ). (143 140)_(69) 2
2 2 2 2 2 2 2

Find the midpoint of the line segment BD by substituting xy = 3, =3, 7, =17,

and y5 = y inte the midpont formula

Midpoint of BD = ["1 ”2,3”1“”2} (3+x,3+~y]
2 7 2 2

The midpoint of line segment AC 15 equal to the midpeint of line segment BT

32— 34x 34y
o 2z

Two peints in the plane are equal if their corresponding coordinates are equal.

Setting first coordinates equal to each other and setting second coordinates equal

to each other, we obtain two equations.

MATH 1310 College Algebra

23



CHAPTER 1 An Introduction to Graphs and Lines

: : 3+ : 3+
First equation: Tx =3 second equation: Ty =

ro | LA

Zolve the first equation for x to find the first coordinate of I

3+
x=3
2
A+xr=46
x=3

Zolve the second equation for ¥ to find the second coordinate of T

ity 5
22
i4y=>5

y==2

The point D 13 [3, 2).
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Exercise Set 1.1: Points, Regions, Distance and Midpoints

Plot the following points on a coordinate plane.

Sk W=

AG, 4)
B(-2, 5)
C(-3,-1)
D(-5, 0)
E(-4, -6)
F(0, -2)

Write the coordinates of each of the points shown in
the figure below. Then identify the quadrant (or axis)
in which the point is located.

10.
11.
12.

b o

RO 7 IoaQ
&
A °
o}
o
N
N
=S
(<]

Answer the following.

Area of a rectangle = base x height
Area of a parallelogram = base x height
Area of a triangle = Y2 (base x height)

13. Draw the rectangle with vertices A(3, 5), B(-2,5),

14.

15.

C(-2, -4), and D(3, -4). Then find the area of
rectangle ABCD.

Draw the parallelogram with vertices A(-2, -3),
B4, -3), C(6, 1), and D(0, 1). Then find the area
of parallelogram ABCD.

Draw the triangle with vertices E(-3, 2), F(4, 2),
and G(1, 5). Then find the area of triangle EFG.

Answer the following.

16.

Given the following points:
(3,5),3,1),3,0),3,-2)

(a) Plot the above points on a coordinate plane.

(b) What do the above points have in common?

(c) Draw a line through the above points.
(d) What is the equation of the line drawn in
part (c)?

MATH 1310 College Algebra

17.

Given the following points:
(-3,4),(0,4), (1,4, 3,4

(a) Plot the above points on a coordinate plane.

(b) What do the above points have in common?

(c) Draw a line through the above points.

(d) What is the equation of the line drawn in
part (c)?

Graph the following regions in a coordinate plane.

18.

19.

20.

21.

22,

23.

24.

25.

26.

{y]x=2}
{p]y=-5}
{@w]y>2}
{(x,y)|xS3}
{ay|-1<x<4}
{y]-32y<5}
{»|x<tand y>-3}
{ey)|x>4and y<-2}

{y)|x22 and y21}

Use the Pythagorean Theorem to find the missing side
of each of the following triangles.

Pythagorean Theorem: In a right triangle, if a and b
are the measures of the legs, and c is the measure of
the hypotenuse, then A+ b=

27.

28.

c
a
b
c
5
12
7
a
5

25
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Answer the following.

29.

30.

Given the following points:
A(1,2)and B(4,7)

(a) Plot the above points on a coordinate plane.

(b) Draw segment AB. This will be the
hypotenuse of triangle ABC.

(¢) Find a point C such that triangle ABC is a
right triangle. Draw triangle ABC.

(d) Use the Pythagorean theorem to find the
distance between A and B (the length of the
hypotenuse of the triangle).

Given the following points:
A(-3, 1) and B(1, -5)

(a) Plot the above points on a coordinate plane.

(b) Draw segment AB. This will be the
hypotenuse of triangle ABC.

(¢) Find a point C such that triangle ABC is a
right triangle. Draw triangle ABC.

(d) Use the Pythagorean theorem to find the
distance between A and B (the length of the
hypotenuse of the triangle).

Use the distance formula to find the distance between
the two given points. (You may also use the method from
the previous two problems to verify your answer.)

31.
32.
33.
34.
35.
36.

(3,6)and (5,9)
(4,7)and (2, 3)
(-5,0) and (-2, 6)
(9, -4) and (2, -3)
(4, 0) and (0, -7)
(-4, -7) and (-10, -2)

Find the midpoint of the line segment joining points A
and B.

26

37.
38.
39.
40.
41.
42,

A(7, 6) and B(3, 8)
A(5,9) and B(1, 3)
A(-7,0) and B(-4, 8)
A(7, -5) and B(4, -3)
A(3, 0) and B(0, -9)
A(-6, -7) and B(-10, -6)

Answer the following.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

If M(3, -5) is the midpoint of the line segment
joining points A and B, and A has coordinates
(-1, -2), find the coordinates of B.

If M(-2, 4) is the midpoint of the line segment
joining points A and B, and A has coordinates
(-1, -2), find the coordinates of B.

Determine which of the following points is
closer to the origin: A(S, -6) or B(-3, 7)?

Determine which of the following points is
closer to the point (4, -1): A(-2, 3) or B(6, 6)?

Determine whether or not the triangle formed by
the following vertices is a right triangle:
A(3,2), B(8,5), and C(6, 10)

Determine whether or not the triangle formed by
the following vertices is a right triangle:
A(4, 3), B(5,0), and C(-1, -2)

Determine if the points A(-5,2), B(-1, 8), and
C(1, 11) are collinear.

Determine if the points A(-1,3), B(2, 4), and
C(6, 5) are collinear.

Given the points A(-3,2), B(2, 5), and C(9, 4),
determine the point D so that ABCD is a
parallelogram.

A circle has a diameter with endpoints A(-5, -9)
and B(3, 5).

(a) Find the coordinates of the center of the
circle.
(b) Find the length of the radius of the circle.
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