SECTION 1.1 Numbers

Chapter 1

Introductory Information and Review

Section 1.1: Numbers

» Types of Numbers
> Order on a Number Line

Types of Numbers

In this course, we will worl with real numbers. The following diagram shows the

types of numbers that form the set of real numbers.

Irrational Fuwhes Fational Fumbes

Integer

Whole
Murmbers

Mataral
Mumbers

Real Mumbers

Natural Numbers:
We begin with the right side of the diagram and describe the natural numbers.
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CHAPTER 1 Introductory Information and Review

Irrational Humber Fational Humbezs / The set of natural

mmbers 15

Intezes /
Whole 1,234, }.

Humbers /

]
Mataral
Humbes

Real Mumhers

A natural numberis prime 1ifit1s greater than 1 and itz only factors are itself

and 1. A natural number greater than 1 thatis not prime 15 called composite,

Example:
Classify each of the following natural numbers as either prime or composite.

(2) 37
(b) 18

Solution:
{a) Since 37 15 anatural number greater than 1 and its only factors are 1 and ttself, we

see that 27 15 a prime number.

{by Since 1815 anatural number greater than 1 and the factors of 18 are 1, 2, 3,6, 9,
and 18, we see that 1815 a composite number.

Even/Odd Natural Numbers:
An even natural number 15 one that can be written in the form 2x, where 1z a

natural number. For example, 28 15 ah even natural number: 38 =2.15%

The zet of even natural number is {2, 4 6,8, 10, }

An oddnatural number 15 one that can be written in the form 22— 1, where 22 13

a natural number. For example, 37 15 an odd natural number: 27 =2.1%-1.

The set of odd natural number 13 {1, 3,5, 7.8, }
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SECTION 1.1 Numbers

Whole Numbers:

Irrational Humbers Fational Huwher The zet of whole
Integes tmhers s
Whole - 0,12 3,0,
Mumbes ™ { }
Mataral
Mumbes
Real Numbers

Every natural numberis also a whole number.

wheole mmbers
H—F_\
0, 1,2, 3.

‘-\ﬂ_}
natural mind e

Example:
True or False: Every whole number 15 also a natural number.

Solution:
Falze: 015 awhele number, but 01z not a natural number since 1t does not

kelong to the set {1,2, 3, } .

Integers:
Irrational Mumbes Fational Humbers
p L
Imtegess | | The set of integers is
Whale {.=3-2-10,12,3.]}
Muambes
Mataral
Mumbes
Real Mumhers
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CHAPTER 1 Introductory Information and Review

Every whole number 15 also an integer.

integers
—3 210102, 3,
IL—f_r'
whele mmbers

Example:
True or False: Everyinteger 15 also a natural number.

Solution:
False: —12 15 an integer, but —12 15 not a natural number since it does not

kelong to the set {1,2, 3, } .

Even/Odd Integers:

The intezers can be qualified as even or odd:

{.. e =4 -2 0 24 6, . } 1z the set of even integers; even integers are
divisible by 2.

{.. =50, =-3-1,1.545,.. } iz the zet of odd integers; odd integers are not
diwisible by 2.

Example:
Classify each of the following integers as either even or odd

() 38
) —15

Solution:
(a) Theinteger 38 is even since itbelongs inthe set {..,—6,-4,-2,0,2,4,6,..1.

(b) Theinteger —151s odd since it belongs in the set { L=5,-3-1,1,3 5, } .
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SECTION 1.1 Numbers

Rational Numbers:

Irrational Humbers Eeoe s -”-\

Integes A rational number s a
Whle number that can be put
Mumbes )

in the form p /g, where
Mataral .
Hurhers pand g # 0 are integers,

Real Mumbers

Everyinteger 15 also arational number. Each integer #2 can be expressed as the

ratio of integers by writing me= —.

Terminating decimals and repeating decimals are rational numbers since they

can be written as aratio of integers.

Example:
Express each of the following rational numbers as aratio of integers.

y
() 43

(b) 1.31
(c) 2.3
(d) 29

Solution:

(a) 4% 15 an example of amized number. Itisthe sum of the whole number 4

.2 . : : :
and the proper fracti on 3 (&4 proper fraction 18 one in which the numerator 1s

lezs than the denotninator.)

WWe can write a tnized number as an imnproper fraction. (An improper fraction

1z onie in which the numerator 15 greater than or equal to the denominator)

4E=(3)(4j+2 _lz2+2 14
3 3 3 3
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CHAPTER 1 Introductory Information and Review

(k) 1.21 1z an example of a terminating decimal.

1312121 181
100 100

(c) 23izan example of a repeating decimal. 2.3 can also be written as

233335 (The three dots are used to indicate that the digits repeat in the

pattern indicated.)
L
i3

(d) 20="

Irrational Numbers:

/""'* == eyt frerael] Mot zre

An irrational number
cannot be expressed

as the ratio of integers.

Al nonterminating,
nonrepeating decimal s

are irrational numbers.

Fational Huambers

Integers

Whole
Mumbers

Hataral
Mhambers

Real Mumbers

Examples of irrational numbers are 7, &, —JE and xE (The square root of any

prime number i3 an irrational number.)

LAppromimate values for the four srational numbers given above are shown below:

s 5142
g 2718

g2 = 1.414
JEe170

(The symbol = 15 read "5 approxim ately equal to")

6
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SECTION 1.1 Numbers

Real Numbers:

A real number is a number that 18 either rational or irrational (but not both). Every
real number can be written as either a terminating decimal, a repeating decimal,

of a nonterminating, nonrepeating decimal.

A real number x1s postive ifit 15 greater than 0. Thisis written as x = 0. A redl number
yisnegativeifitislessthan 0. This 13 written as y < 0. The real number 0 15 netther

negative nor postive.

Example:
Circle all of the words that can be used to descnbe the each of the numbers below.

(2) 26  (b) 29
Even, Odd, Positive, Negative, Prime, Composite,
Matural, Wheole, Integer, Eational, Irrational, Eeal

Solution:
(a) 26 18 anatural number since it helongs to the set {1, 2, 3}

Thus, 2615 also a whole number, an integer, a rational number, and a real number.

Since 2615 a natural number greater than 1 and the factors of 26 are 1, 2, 13, and

26 we see that 26 12 a composite number.

since 26 = 0, we see that 26 1z positive.

The integer 26 12 even since it belongs in the set {._.,—6, = =20 24 6, . } .

The results are circled below:

(b) Since 29 15 aprime number, we see that @ iz anirrational number. Thus, f29 is

also a real number.

MATH 1300 Fundamentals of Mathematics 7



CHAPTER 1 Introductory Information and Review

Hote that a real number 12 either rational or irrational but not both.

Since /29 = f29 = 5> 0, we see that @ 15 positive.

The results are circled below:

Even, ©Odd, Negative,
Prime, Composite, Natural,
Whole, Integer, Eational,

Note About Division Involving Zero:

For each number #2 = 0, we have E =0 Diviston by 013 undefined
P

Additional Example 1:
sState whether each of the foll owing numbers 12 prime, composite, of neither. I

composite, then list all the factors of the number.
{a) 29

(b) 42
(@) —14

Solution:
The set of natural numbers i3 {1, 2.5 4, } Prime numbers and composite

numbers must be natural numbers. &4 natural number 13 primeifit 15 greater than

1andits only factors are itself and 1. Otherwise, the natural number 15 composite.

{a) 2915 a natural number since it belongs to the set {1, 2,54, } . The only

factors of 29 areitselfand 1. Therefore, 29 15 a prime number.

(b) 42 iz anatural number since it belongs to the set {1, 2,34, } Mote that
42 =142=221=§("T7=14"3. Thus, the factors of 42 are 1, 2, 3, &, 7, 14, 21,

and 42 Therefore, 42 15 a composite number.

{c) Prime numbers and composite numbers must belong to the set of natural

numbers. —141s anot anatural number since it does not belong to the set

{1, 2,34 } Therefore, —14 15 neither prime nor composite.
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SECTION 1.1 Numbers

Additional Example 2:

Circle all of the words that can be used to describe each of the numbers below.

{a) 10 by =13
Even, Odd, Positive, Negative, Prime, Composite,
Matural, Wheole, Integer, Eational, Irrational, Eeal

Solution:
We wall use the diagram and the defimtions miven helow:

The diazram below illustrates how the natural numbers, whole numbers, integers, rafional

mmnbers, and irrati onal numbers form the set of rea numbers.

Irrational Humbes Fational Fumbes

Integers

Whole
Mumbes

Mataral
Humbes

Real Mumhers

Natural Numbers:
The set of natural numbers iz {1, 2.3.4, . }

Whole Numbers:
The et of whole nuwmnbers 1= {D, 1,23, .. }

Integers:
The set of integers 15 {...,—3, —-2,-1.01,2 3, .. }

Prime/Composite Numbers:
A natural number is prime if iti1s greater than 1 and itz only factors are itself

and 1, otherwise, it iz composite,

Positive/Negative Numbers:
A real number x1s postive ifit 15 greater than 0. Thisis written as x = 0. A redl number

yisnegativeifitislessthan 0. This 13 written as y < 0. The real number 0 15 netther

negative nor postive.

MATH 1300 Fundamentals of Mathematics 9



CHAPTER 1 Introductory Information and Review

Even/Odd Numbers:
The integers can he qualified as even or odd:

{...,— 6,—4, -2 0 24 6, .. } iz the set of ewven integers; even integers are
divisible by 2.

{._.,— 5-3-11755,.. } 1z the set of odd integers, odd integers are not
divisible by 2.

Rational Numbers:
A number that can be written in the form p /g, wherep and g = 0 are integers,

15 a rational number,

(8) 10is anaturd number since it belongs to the set {1, 2,3,

From the diagram shown above, we see that 1012 also a whole number, an

integer, a rational number, and areal number.

=ince 1015 a natural number greater than 1 and the factors of 10 are 1, 2, 5, and

10, we see that 1015 acomposite number.
cince 10 =0, we see that 101z positive.
The integer 1015 even since it belongs in the set {...,—6, -4 -2 024 6 } .

The results are circled below:

Even,

Frime,

(b) —131s an integer since 1t belongs to the set {_..,—3, -2 -1.01,2, 3}

From the diagram shown above, —13 15 also a rational number and a real number.

Mote that —13 does not belong to the following sets of numbers:
{U, 1,2.3,.. } {whole numbers)
{1, 2.3, } {natural numbers)
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SECTION 1.1 Numbers

since —13 <0, we see that —13 13 negative.
The integer —13 15 odd since it belongs in the set {._.,—5, -3 =113 5. }

The results are circled below:

Ewen, Positive,

Prime, Composite, MNatural,

1-.'rﬂfh-::-lna,
(Real

Trrational,

Additional Example 3:

Circle all of the words that can be uzed to describe each of the numbers below,

{a}é ®) 7

Even, Odd, Posttive, Negative, Pnme, Composite,
Matural, Whele, Integer, Eational, Irrati onal, Eeal

Solution:
We wall use the diagram and the definitions gven below:

The diagram helow illustrates how the natural numbers, whole numbers, integers, ratonal

mmbers, and irrati onal numbers form the set of real numbers.

Irrational Humbes Fational Humbes

Integers

Whole
Mumbes

Hatural
Mumbes

Real Mumhers

Natural Numbers:
The set of natural numbers iz {1, 2.3.4, . }

Whole Numbers:
The et of whole nuwmnbers 1= {D, 1,23, .. }

MATH 1300 Fundamentals of Mathematics

11
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Integers:
The set of integers 15 {...,—3, —-2,-1.01,2 3, .. }

Prime/Composite Numbers:
A natural number is prime 1if it 15 greater than 1 and 1tz only factors are itself

and 1, otherwise, it 1z composite,

Positive/Negative Numbers:
A real number x1s poative ifit is greater than 0. Thisis written as x > 0. A redl mumber

yis negativeifitislessthan 0. This 13 written as ¥ < 0. The real rumber 0 15 netther

niegative nor postive.

Even/Odd Numbers:

The integers can be qualified as even or odd:

{...,— G,—d —2.0 24,6, .. } 1z the set of even integers; even integers are
divisible by 2.

{...,— 5,—-5-1,1,55,.. } iz the zet of odd integers; odd integers are not
divisible by 2.

Rational Numbers:
A number that can be written in the form p/g, wherep and g = 0 are integers,

15 a rational number

: : 3. :
{a) =ince 3 and 8 are integers, we see that 3 15 a rational number.

12

Hote that g does not belong to the following sets of numbers:

{._.,— 3-2-101 2 3} (integers)
{U, 1,2,3,.. } {whole numbers)
{1, 2.3, } {natural numbers)

From the diagram shown above, we see that g iz alzo areal number.

. 3 E3 .
Since A =0, we see that g 13 positive.
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SECTION 1.1 Numbers

The results are circled below:

Ewven, Odd, Hegative,

Prime, Composite, MNatural,

Whole, Integer,
Trrational,

(h) If 2212 a prime numb e, then —u'rr; 1z an irrationa number. Since 713 a prime

tymber, we see that ﬁ 15 an irrational number,

From the diagram shown above, we see that ﬁ 15 dlso areal number.

Mote that a real number 15 etther rational or irrati onal but not both.
Since ﬁ = ﬁ = 2= [, we see that xﬁ 15 positive.

The results are circled below:

Even, Odd, i@ Hegative,
Prime, Composite, Natural,
Whole, Integer, Rational,

Additional Example 4:

TWhich elements of {—10.2, -5, 0, glﬁqfﬁ 23,25 é}belong to the categories

listed below”

{a) Matural, (b) Prime, (c) Composite, {d) Whole, (g) Integer, (f) Even, {z) Odd,
i(h) Eational, (1) Irrational, (1) Eeal, (k) Poaitive, (1) MNegative

Solution:
{a) Identi fr the elements in the given set that are natural mumbers.

231z anatural number since it belongs to the set {1, 2.3 . }

MATH 1300 Fundamentals of Mathematics 13
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ibfc) Decide which natural numbers are prime and which are composite.

2315 a prime number since 1t1s a natural number greater than 1 and its only

factors are itzelf and 1. There are no composite numbers in the given set.

(d) Identi fir the elements in the given set that are whole numbers.

0 and 23 are whole numbers since they belong to the set {EI, 1,23, }

{e) Identi fr the elements in the given set that are integers.

-8, 0, and 23 are integers since they belong to the set {...,—3,—2,— 10,1, 2, 3}

{fig) Decide which integers are even and which areodd.
The integers — 8 and 0 are even since they belong to the set

(L —6,-4-202456_ ]

Theinteger 23 1: odd since 1t belongs to the set

(.-5-3-1135_]}

{h) Identify the elements in the given set that are rational numbers.

14

Eecall that a number that can be written in the form p /g, where p and

g # [ are integers, 15 a rational number,

Al terminating and all repeating decimals are rational numbers since they

can be expressed as the ratio of two integers,

-10.2 -8, 0,3, 123,23, 251
g 2

are rational numbers:

—10.2 (terminating decimal)
0 2 10z _-102

10 10 10

—g=_"
1
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SECTION 1.1 Numbers

0=—
1

1.23 (repeating decimal)

1_53:%
899
23:§
1

25% {mized number)

251201
a

(1) Identify the elements 1n the mven set that are irrational numbers.

J17 iz irrational since the square root of a prime number iz irrational. Its

decimal representation 13 nonterminating, nonrepeating.

(1) Identify the elements in the given set that are real numbers. ze the diagram

below.

Irrational Fumbers Fational Mumbes

Integers

Whole
Mumbes

Hataral
Humbes

Real Mumhers

From the diagram shown above, all of the numbers —10.2, -5, D,%, l.ﬁ,

u"rﬁ, 23 and 25% are real numbers.
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(k1) Identify the elements in the given set that are negative (less than 0) and
identify those elements that are positive {greater than 0). Eecall that 01

neither negative nor positive.

Those elements that are less than 0 and consequently negative are

=102 and -85

Those elements that are greater than 0 and consequently positive are

%, 123, 17, 23, and 25%.

Order on a Number Line

The Real Number Line;

We can graph real numbers on a number line. For each real number, there
corresponds exacly one point on the line. Also, for each point on the line
there corresponds exactly exactly one real number. This number iz called the
coordinate of the point. The point on the real number line whose coordinate 18

01z called the origin.

1

Points to the night of the origin have positive coordinates. Points to the left

of the onigin have negative coordinates.

Example:
Graph the following numbers on the number line:
—1.5,—%, 0,42, 2

(Hint: TTse the approximati on: \Eml.dﬂ.]

Solution:

=445
3 2 .15 -1 0 1

&
[ ]
[ ]
L ]

¥

e
Ly ]
o
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SECTION 1.1 Numbers

Inequality Symbols:

It areal number x 13 less than a real number v, then we wnte x < ¥ . The inequality symbeol < 13 read

"15less than " On a number line the graph of x 13 to the left of the graph of ¥

&
[ ]
[ ]

¥

The coordinates of points increase as we move left to right on the number line.

il
T

A B

direction of mcrease |

The following table describes additional inequality symbols.

Symhol Some Examples
= iz greater than O=—4, =3 322
= i —
= 15 greater than or ecual to 24 224, %21.5, JEEJ_:_J
" .
= 15 less than or equal to ﬁEE, _1.2£_§, ﬁiﬁ
Example:
For each pair of real numbers, place one of the symbeols <, =, or = in the
blank provided.
7 1
_! —32
@ -3 —"73
1 1
®5—s
© 52
5
4 = 2.6
(d) —
Solution:
{a) —% =—3% Express —% as a mixed number: —z=—3l
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1 1 1 1 1 1 -
- = = Express — and — as decumals: — =02 and —=10.18
® 553 ST AR 5 5
{c) 'JE > 2 Comp are squateroots: \E » JE= 2
5 ] } ] 1
dy = < 26 Express — asadema: —=2—=25.
() 2 F 2 2 2
Example:

Find all natural numbers less than «.u"%

Solution:
Mote that 5=+/25 <~/35 and 35 <36 =6 Thus, /35 is between 5 and 6.

Thus, the natural nmumbers that are less than JE are those natural numbers that

are less than & 1,2, 3,4, 5 .

Example:
Find all even integers between —2.75 and 9.8

Solution:
The integers between — 275 and 2.5 must be greater than — 275 and less than

88 Theyare —2,-1,0,1,2,3,4,5,6,7,8and 9.

:::::

The even integers on the listare —2, 0, 2,4, & and &

E 2 Ta s

Additional Example 1:
List the prime numbers between 20 and 40,

Solution:
A prime number 15 a natural number greater than 1 whose only factors are 1tself

and 1.

The set of natural numbers 13 {1, 2 3.4, } The natural numbers between 30 and
40 are greater than 20 and less than 40:

31, 32, 33, 34, 55, 36, 37, 38, 39
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SECTION 1.1 Numbers

Omit the even natural numbers between 30 and 40, They are not prime since

they each have a factor of 2.

31, 3%, 33, 34 35, 36,37, 3, 39

Find the factors of the odd natural numbers between 30 and 40

Odd Natural Factors
Number
31 1, 31
33 1, 3, 11, 33
35 1, 5,7, 35
27 1, 37
39 1, 3, 13, 39

Tzing the results in the table we see that the prime numbers between 20 and 40
are 21 and 27,

The numbers 32, 33, 34, 35, 36, 38, and 29 are composite numbers.

Additional Example 2:
List the composite numbers between -\fﬁ and Sxr and list all the factors of these
numbers. (Hint: Tse the appromimation: =314

Solution:
The given numbers are irrational,

Hote that 3=J§ -::aﬂ_E and 4'1_2 -::\.'{175 =4, Thus, \.'{E 1z between 3 and 4.

S means 5o From the given hint, S =157

List the natural numbers between JE and . Thev must be greater than JE

and less than S

The natural numbers between /12 and 57 are 4, 5.6, 7.8, 9,10, 11, 12,13, 14,
and 15.
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Ormit the prime numbers from the list: 4, %, 6, %, 8 9,10, 3,12, 18, 14,15

The remaining numnbers in the list are composite numbers. Each of these natural

numbers has factors other than itzelf and 1.

The composite numbers between —Jrl_E and Saoare 4,6,8,2, 10,12, 14, and 15.

The factors are shown in the table below,

Composite Factors
Numher

Additional Example 3:

List the composite numbers between -\fﬁ and Sxr and list all the factors of these
numbers. (Hint: Tse the appromimation: =314

Solution:
The given numbers are irrational,

Hote that 3=J§ -::aﬂ_E and 4'1_2 -::\.'{175 =4, Thus, \.'{E 1z between 3 and 4.

S means 5o From the given hint, S =157

List the natural numbers between JE and . Thev must be greater than JE

and less than S

The natural numbers between /12 and 57 are 4, 5.6, 7.8, 9,10, 11, 12,13, 14,
and 15.

Omit the prime numbers from the list: 4, %, 6, %, 8 9,10, 1,12, 18, 14,15
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SECTION 1.1 Numbers

The remaining numbers in the list are composite numbers. Each of these natural

numbers has factors other than itself and 1.

The composite numbers between u"rl_E and S oare 4,6,8,9, 10,12, 14, and 15.

The factors are shown m the table below.

Composite Factors
Number

Additional Example 4:
Fill in the appropriate symbel from the set {-::, >, :}.

(@ 11 11

by —f36__ -6

1 1

© 7% 3

63

(dy 632 =
Solution:

(a) Mote that 11 <+f16 =4. Thus, f11 < 11.

(b) Note that /36 =6. Thus, —f36 = —6 since —+f36 =(=1)4/36 =—6.

{c) Eepresent _é and —— as decimals. Since both numbers are rational, the

decimals will either be terminating of repeating.
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_1 =—0142857
7
—l =—0.125
8
1 1
Thus, —— » —— .
8 7
{d) Eepresenting g as a decimal , we see that §=6i= .3
10 10 10
63

Thus, 632 > —.
10

22 University of Houston Department of Mathematics



Exercise Set 1.1:

Numbers

State whether each of the following numbers is prime,
composite, or neither. If composite, then list all the
factors of the number.

1. (a) 8 (b) 5 (c) 1
d) -7 (e) 12

2. (a) 11 (b) -6 () 15
(d) 0 (e) -2

Answer the following.

3. In(a)-(e), use long division to change the
following fractions to decimals.
(@) (b) £ © 3
(d) (e) 3 Note: &=1
Notice the pattern above and use it as a

shortcut in (f)-(m) to write the following
fractions as decimals without performing

(1N

long division.

® 35 @ % (h) &
O 0 ¥ (k)
n % (m) 2 Note: £=2

4. Use the patterns from the problem above to
change each of the following decimals to either a
proper fraction or a mixed number.

(d) 0.4 (b) 0.7 c) 2.3
d) 1.2 () 4.5 (f) 7.6

State whether each of the following numbers is
rational or irrational. If rational, then write the
number as a ratio of two integers. (If the number is
already written as a ratio of two integers, simply
rewrite the number.)

5. (@) 07 0 5 © 3

(d) -5 (e) /16 (f) 0.3
2.3 ;

(9) 12 (h) 35 (i) e

() /4 (k) 0.04004000400004...

MATH 1300 Fundamentals of Mathematics

6.

@ 7 (b) 0.6 () 8
1.3 4

(d) 17 (e) T f -9

(9) 3.1 (h) -10 @M o0

a) % (k) 0.03003000300003...

Circle all of the words that can be used to describe
each of the numbers below.

7.

10.

-9
Even Odd
Prime Composite
Integer Rational
Undefined
0.7
Even Odd
Prime Composite
Integer Rational
Undefined
J2
Even Odd
Prime Composite
Integer Rational
Undefined

4

7
Even Odd
Prime Composite
Integer Rational
Undefined

Answer the following.

11.

Which elements of the set

Positive
Natural
Irrational

Positive
Natural
Irrational

Positive
Natural
Irrational

Positive
Natural
Irrational

Negative
Whole
Real

Negative
Whole
Real

Negative
Whole
Real

Negative
Whole
Real

{-8 -21,-04, 0, 7, 7, £, 5, 12} belong
to each category listed below?

(a) Even (b)
(c) Positive (d)
() Prime ()]
(9) Natural (h)
(i) Integer ()]
(k) Rational M

(m) Undefined

Odd

Negative
Composite

Whole
Real

Irrational

23



Exercise Set 1.1: Numbers

12. Which elements of the set 19. Find a real number that is not a rational number.
{-6.25, 43, -3, -5, -1, ¢, 1 2, 10} . .
20. Find a whole number that is not a natural
belong to each category listed below? number.
(2) Even (b) Odd 21. Find a negative integer that is not a rational
(c) Positive (d) Negative number.
(e) Prime (f) Composite
(9) Natural (h) Whole 22. Find an integer that is not a whole number.
(i) Integer (J) Real
(k) Rational (1) Irrational 23. Find a prime number that is an irrational number.

(m) Undefined
24. Find a number that is both irrational and odd.

Fill in each of the following tables. Use “Y” for yes if

the row name applies to the number or “N” for no if it Answer True or False. If False, justify your answer.j
does not.

25. All natural numbers are integers.

13. 26. No negative numbers are odd.
% 1|53 | 55| 133 o
i 27. No irrational numbers are even.
Undefined
Natural . .
Whole 28. Every even number is a composite number.
Integer
Rational 29. All whole numbers are natural numbers.
Irrational
Prime _ 30. Zero is neither even nor odd.
Composite
Real .
31. All whole numbers are integers.
14. 32. All integers are rational numbers.
236 | 0o | 2 % Jo=3 N . .
5 2 33. All nonterminating decimals are irrational
Undefined numbers.
Natural
Whole .. . . .
Integer 34. Every terminating decimal is a rational number.
Rational
Irrational
Prime
gg;?pos'te Answer the following.

35. List the prime numbers less than 10.

Answer the following. If no such number exists, state

“Does not exist.” 36. List the prime numbers between 20 and 30.

15. Find a number that is both prime and even. 37. List the composite numbers between 7 and 19.

16. Find a rational number that is a composite 38. List the composite numbers between 31 and 41.

number. 39. List the even numbers between /13 and /97 .
17. Find a rational number that is not a whole 40. List the odd numbers between /29 and 123 .
number.

18. Find a prime number that is negative.
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Exercise Set 1.1: Numbers

Fill in the appropriate symbol from the set { <,>,=1}. 58. Find the multiplicative inverse of the following
numbers. If undefined, write “undefined.”
a) 3 b) -4 c) 1
an . (@) (b) (©)

@ -2 (@ 22

AT p— 3 59. Find the multiplicative inverse of the following
\/_ numbers. If undefined, write “undefined.”
43. 7 -7 (@) -2 (b) 2 () 0
44. -3 3 @15 @ -1
60. Find the additive inverse of the following
45. \/ﬁ— 9 numbers. If undefined, write “undefined.”
a) -2 b) 2 c) 0
46 s = @ 0§ @
(d) 12 () -1
47. 5.32 53
Y 10 61. Place the correct number in each of the following
blanks:
48 e 0.07 (a) The sum of a number and its additive
" 100 ' inverse is . (Fill in the correct
number.)
49 1 1 (b) The product of a number and its
3 T 4 multiplicative inverse is . (Fill in the
correct number.)
50. * 1
6 5 62. Another name for the multiplicative inverse is
the
51. 1 1
3 4
Order the numbers in each set from least to greatest
52. _1 1 and plot them on a number line.
6 5 (Hint: Use the approximations +/2 ~1.41 and
53. 15 4 J3~1.73)
54. 7 49 63. {—1, 2, 03, g, —%, \/0.49}
55. -3 -9
64. {—\/§,1,0.65,3,—1.§,«/O.64}
56. 29 5 3

Answer the following.

57. Find the additive inverse of the following

numbers. If undefined, write “undefined.”
(@ 3 (b) -4 (c) 1
@ -5 (e 23
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Section 1.2: Integers

» Operations with Integers

Operations with Integers

Absolute Value:

The numbers — 2 and 2 are graphed on the number line below. Mote that both
of these numbers are at a distance of 2 units from 0, but their graphs are on opposite

sides of the enigin. The numbers are additive inverses of each other.

2 uyuts 2 uyuts

The abzolute walue of areal numberizits distatice from 0 on the number line.

Toindicate the absolute value of areal number x, we use the notation |x|

For the numbers — 2 and 2, we have |—2|: |2| =2

The absolute value of any real number x will never be negative by the following

definition:

x if x=0
H=1_s i <0

In thiz section we examine the rules for addition, subtract on, multiplicati on, and

diwision of integers. Eecall that the set of integersis { -5 -2 -1,01%2 3. . } .
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SECTION 1.2 Integers

Addition of Integers:
To find the sum of two integers, use the following rules:

(1) If the two integers have like signs, add their absolute values and keep the
COMMIN G S1S1.

(27 If the two integers have unlike signs, subtract thewr absolute values (the
smaller from the larger) and keep the sign of the integer with the larger absolute
value.

Example:
Evwaluate each of the following.

fa) —9+13
by —T+{-18)

Solution:
{a) Since the given integers, — % and 13, have unlike signs, we subtract thetr
absolute values and keep the sign of the number with the larger absolute value.

Hote that |—9| =9, |13| =13, 13-9=4 _ and 13 hasthe larcer absolute value.

difference of
ahaaoluate walues ahsolite walnes

Thus,
—3413=4.

{b) Since the given integers, —7 and —18, have like signs, we add their absolute

walues and keep the common sign. In this case, the answer 13 negative.

Notethat |-7|=7, |-18]=18, and 7+18=25 .

aurn of abaolute
ahsolute walnes values

Thus,
-7+i{—-18)=-25.

Subtraction of Integers:

To find the difference of two integers #2 and », change the subtraction to an
equivalent addition by s —x =m +({—x). Then follow the rules for addition.
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Example:
Evaluate: 10-23

Solution:
First change the subtraction to an equivalent addition:

10-23=104+{-23
HNew, use the rules for adding integers for the problem 104 (—23)

since the integers 10 and — 23 have unlike signs, we subtract their absolute

values and keep the sign of the number with the larger absolute value.

Mote that |1[J|: 10, |—23|: 23, 23-10=13, and —23 has the larger absolute value.

difference of
ahsolute values shenlte values

Thus,
10-23=104+(-231=-13.

Multiplication of Integers:
To findthe product of two integers, use the following rules:

(1) If the two integers have like signs, multiply their absolute values. The answer
will be positive.

(27 If the two integers have unlike signs, multiply their absolute values and then
make the answer negative.

For each integer #2, we have - 0=10,

Example:
Evaluate each of the following.

(a) 8(-12)
(b) —8(-4)

Solution:
(a) Since the given integers, 8 and — 12, have unlike signs, we multiply their
absolute walues and then make the answer negative.
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SECTION 1.2 Integers

Note that [8}=8, |-12/=12, and 8-12=9¢ .

roduct of
aolute values

ahsolute walues

Thus,
B(—12) =-96

(b) Since the given integers, — 9 and — 6, have like signs, we multiply their

absolute values. The answer 13 positive.

Note that |-9|=9, |-6/=6, and 9.6=54 .
: roduct of
solute walues

ahaolute walues

Thus,
—9{—6) =54

Division of Integers:

To findthe quotient of two integers, use the following rules:

{1y If the two integers have like signs, divide ther absolute values. The answer
will be positive.
(27 If the two integers have unlike signs, divide their absolute values and then

make the answer negative.

For each integer s = 0, we have E = 0. Division by 013 undefined.
w1

Example:

Evaluate: E

Solution:
since the given integers, 135 and — 5, have unlike signz, we divide their absolute

values and then make the answer negative.

135

Note that [135]=135, |-5]=5, and —==27
ahsolate values I L

guotient of

ahsalute values

MATH 1300 Fundamentals of Mathematics
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Thus,
135

—=-27.
=5

Additional Example 1:
Evaluate each of the following.

() 3+8

by 2+ (=7
(&) —5+{-4)
(d) —6+9

Solution:
{a) Sincethe given integers, 3 and 8, have like signs and both are positive, we
simnply add the integers together. The answer 15 positive.
Thus,
3+8=11

(b} Since the given integers, 2 and =7, have unlike signs, we subtract their
absolute values and keep the sign of the number with the larger absolute value.

Hote that |2| =2, |—T"| =7, T—-2=3 , and —7 hasthe larger abzolute value,

differenice of
ahsolute walues shsiite values

Thus,
2+(-T1=-a

{c) Sincethe given integers, —5 and —4, have like signs, we add their absolute

values and keep the common sign. The answer 15 negative.

Hote that |—5|:5, |—4|:4, and H+4=9

aun of ahaolate
absolute values values

Thus,
—-5+-4)=-5
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{d) Since the given integers, — & and 9, have unlike signs, we subtract their

absolute values and keep the sign of the number with the larger absolute value.

Hote that |—6| =6, |9| =9, 9—6=3 |  and 9 has the larger absolute value.

: difference of
ahsolute valnes

absolute values

Thus,
—64+9=3

Additional Example 2:
Evaluate each of the following,

() 57

(b) —2-6
(e} —5-(-4)
(d) 0-9

Solution:
{a) First change the subtraction to an equivalent addition:

5-7=5+(-7)

Mow, uze the rules for adding integers for the problem 54+{-7).

cwince the integers 5 and — 7 have unlike signs, we subtract their absolute

walues and keep the sign of the number with the larger absolute value.

Hote that |5| =5, |—T"| =7, T—-4= a . and —7 has the larger absclute value.

difference of
absolute values

ahsolute values

Thus,
S5-T7=5+(-T1=-2.

{b) First change the subtraction to an equivalent addition:
—2—-6=—24(-F)

How, use the rules for adding integers for the problem —24(—6)

since the integers — 2 and — & have like signs, we add their abzolute

values and keep the common sign. The answeris negative.
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Hote that |—2|= 2 |—6|= 6, and Z2+6=8

aun of ahsolate
ahsolute values wales

Thus,
—2—-6=-24+{-6)=-8.

(c) First change the subtraction to an equivalent addition:
= 5= (~4) = =5 +(~(~4))
=-5+4
How, use the rules for adding integers for the problem — 544

since the integers — 2 and 4 haveunlike signs, we subtract their absolute

values and keep the sign of the number with the lareer absolute value.

Note that |-5|=35, [4[=4,  5-4=1 and — 5 has the larger absolute value.
I gheolnte values I a}?g:ffuﬁnf;ﬁgs
Thus,
=5 () =5 +(~(-4))
=-5+4
=-1

(d) Change the subtraction to an equivalent addition and add.
0-9=04+{-9
=-9

Additional Example 3:
Evaluate each of the following. Ifundefined, write "undefined.”

(a) 8(=3)
(b) —

(c) -
(d) —7(=3)
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Solution:
{a) Sincethe given integers, 8 and — 3, have unlike signs, we multiply their

absolute values and then malee the answer negative.

Note that [§=8, |-3]=3, and 8 3=24

toduct of
ahsolute values anlute values

Thus,
B(—31=—-24.

(b} Since the given integers, —9% and —3 have like signs, we divide their
absolute values. The answer 15 positive.

MNote that |-9|=9, |-3|=3, and 23
I dhsolute values I —
caot et of
ahsolute walues
Thus
23
-3

{c) For any integer # # 0 we have E =0
e

Thus,

I
Il
=

{d) Zince the given integers, —7 and — 9 have like signs, we multiply their

absolute values. The answer 13 positive.

Note that |-7|=7, |-9|=9, and 7.9=63 .

tocct of
solute values

ahaoliate values

Thus,
-7-H =63
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Additional Example 4:
Evaluate each of the following,

(a) T(=3)(=2)
(b) 3(0)
(c) —2(3)(5)

15
@ =

Solution:
{a) "We work from left to right using the rules for multiplying integers.

F=E-21=-21-2)  Find the product of the first two integers 7 and - 3.

The resultis negative snce the integers have unlike signs.

42 Iultiply the product in the first step by the last integer — 2.
The resultis positive since the integers have like signs.
Thus,
N=-3=2==-21-2=42

{b) For any integer s, we have m- 0= 10,
Thus,

30y =0,

(c) We wotk from left to right using the rales for multiplying integers.
—2(M61=-10{6)  Find the product of the frst two integers — 2 and 5.

The result 15 negahve since the integers have unlike signs.

—&0 Lultiply the product in the first step by the last integer 6.

The result 15 negative since the integers have unlike sions.

Thus,
—2(00F =-10(&1 =—-60.

{(d) Use the rules for dividing integers. The resultis negative since the given
integers, 15 and =5, have unlike signs.
Thus,
B_3
-5
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Exercise Set 1.2: Integers

Evaluate the following.

1.

()
(d)

(@)
(d)

(@)
(d)

(@)
(d)

@
(d)
(¢))

(@)
(d)
(@)

3+7 (b)
3+(=7) (e)
8+5 (b)
-8+(-5) (¢)
0-4 (b)
—4-0

6-0 (b)
—6-0

~10-2  (b)
—2-(-10) (e)
2-10 ()
-7-(-9) (b)
9-(-7)  (e)
-9 M

-3+(-7) (c) —-3+7
-3+0

—-8+5 (c) 8+(-H)
0+(-5)

4-0 (c) 0—(-4)
0-(-6) (c) 0-6
-10-(-2) (c) 10-2
2-(-10) (f) 2-10
10-(-2)

-7-9 (c) 7-9
9-(-7) () 9-7
—-9-7

Fill in the appropriate symbol from the set {<,>,=1}.

7.

8.

(@)
(©)

(@)
(©)

~14) 0
S-)(-2)_0
3-2) 0
-50)(-2) _0

(b)
(d)

(b)
(d)

720
3(-10) 0
7(-) 0
2(-2)(-2)_ 0

Evaluate the following. If undefined, write

“Undefined.”
9. (a) 6(0) (b)
(d) 6(-1) (e)
(9 -6(-1) (h)
.. -6
() ) (k)

6
0
6(1)

-6
1

0

(© iy
(f) 6(-1)

. 6

() _—1

0

-CEED M) ¢
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10.

11.

12.

13.

14,

15.

16.

@ -1 ()
@ o7 @
—7
© (h)
0 7DD (k)
(@ -10-2)  (b)
(@ _1—‘2) ©
6
@ = (b)
@) 6@) ©
(@ 2(-3(-4) (b)
© —1-2)(-3)(-4)
@) -12)(-3)(-4)
@ 3-26) ()
© -3C2(1E)
d) -3(-2(-2)(5)
(@ 8-2 (b)
(@ ‘78 ©
@ -8-1)  (h)
G) 0-8 (K)
m = ()
12
@ = (b)
(d) -3+12 (e)
@ 32 ()
. -3
0 K)
m = (n)

-7(0)(-1)

-10
2
-10
2

6(=3)

~6(-3)

(=2)(-3)(-4)

-3(-2)(5)

~12(-3)

0(-3)
12
-1

-1+ (-3)

-3-(-1)

(©)
()

(1

(©)
()

(©)

(f)

(©)
()

(i)
(0
(0)
(©)

()
(i)

(0

(0)

-8(-2)

(-8)(0)

-2+8

~12-3
0-(-3)

-3
~1(12)

-3()
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CHAPTER 1 Introductory Information and Review

Section 1.3: Fractions

» Greatest Common Divisor and Least Common Multiple
» Addition and Subtraction of Fractions
» Multiplication and Division of Fractions

Greatest Common Divisor and Least Common Multiple

Greatest Common Divisor:

Consider the natural numbers 18 and 24, The table below shows the factors

of each of these numbers.

Number Factors

18 123|659 1s
24 L2346 6| 1224

Az we see from the table, there are factors that are shared by both 18 and 24 Of
these comnon factors, the greatest one 1z 6. It s called the GCD (greatest
comtmon divizor) of 18 and 24, the largest natural number that divides both 18
and 24

In general, if &2 and # are natural numbers with 2 < #, then the GCD of w2 and »

1z the largest natural number that divides both both #2 and #.

The GCD of s and # must be a natural number between andincluding 1and »

In the example above, =18 and » = 24 The GCD 1z &, which 15 a natural number
between 1 and 15,
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SECTION 1.3 Fractions

A Method for Finding the GCD:

Factor 18 1into a product of prime factors.
18=2.9
=2-3.3

Factor 24 into a product of prime factors.
24=4.4
=2-2.2.3

Arrange the prime factors 1n a table, aligning comm on factors in the same

columin.

213]3
2] 3 2|2

The GCD 15 the product of the prime factors that are shared by both numbers.

2 3 E
2| B 2|2

The GCD 15 2.3=6.

Least Common Multiple:
Consider the natural numbers 18 and 24, The table below shows a partial

list of multiples of each of these numbers.

The first line 15 obtaned by 1.18=18, 2. 18 =36, 2. 18 =54, 4. 18 =72, and

so oft. The list can continue indefinitely in this manner.

Humber Multiples

18 15| 36|54 [ T2 ][50 [ 108 | 126 | 144 | 162 | 180 | 198 | 216
24 24|48 | T2 96 | 120 | 144 | 168 | 192 | 216

Az we see from the table, there are multiples that are shared by both 15 and 24
They are 72, 144, and 216, (We could continue the list to find other common
multiples.) Of these common multiples, theleast one1s 72, Itis called the LT
{least common multiple) of 18 and 24, the smallest natural number thatiz a
multiple of both 18 and 24
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In general, if w2 and » are natural numbers with #2 < #, then the LW of i and »
12 the smallest natural number that 12 a multiple both both w2 and ».

The LCM of #2 and # must be a natural number between and including » and s

In the example above, e =18 and » = 24 The LCI 15 72, which 12 a natural number
between 24 and 18. 24 =432,

A Method for Finding the LCM:

Factor both 15 and 24 into a product of pritnes and arrange the prime factors

in atable, aligning common factors in the same column.

There are 5 columns in the table. The LCM 13 the product of the 5 prime factors

that appear in these columns.

2)13]3
2|3 2|2

The LCM 12 2.3.3.2.2 =72

Example:
Find the GCD (greatest common divizor) and LT (least common multiple) of

20 and 28,

Solution:
Factor 201nto a product of prime factors.

20=4.5
=2.2.5

Factor 28 into a product of prime factors.
28=4.7
=2-2-7

Arrange the prime factors 1n a table, aligning commm on factors in the same
column.

2|25
2|2 7
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The GCD 15 the product of the prime factors that are shared by both numbers.

2 2 I8
2 2 7

The GCD 1z 2. 2=4

There are 4 columns in the table. The LC 13 the product of the 4 prime factors

that appear in these columns.

2125
2|2 7

The LCM is
2.2.5.7 =140

Additional Example 1:
Find the GCD {greatest common divizor) and the LCI (least common multiple)

of 24 and 30

Solution:
Factor 24 1into a product of prime numbers.
24=4.4
-2.2.2.3

Factor 201nto a product of prime numbers.

30=6.5
=2.3.5

Arrange the prime factors 1n a table, alighing commeon factors in the same

colutmn.
212123
2 315

The GCD 15 the product of the prime factors that are shared by both numbers.

Al
2 25

The GCD 15 2-3=6
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There are 5 columns in the table. The LC 13 the product of the 5 prime factors

that appear in these columns.

212123
2 35

The LCMis 2-2-2-3-5=120.

Additional Example 2:
Find the GCD {zreatest common diviser) and the LEW (least common multiple)

of 90 and 105,

Solution:

Factor 901nto a product of prime numbers.
80=9.10

Factor 105 into a product of prime numbers.

105=75-21
=537

Arrange the prime factors 1n a table, ahgtng commeon factors i the same

columin.
213135
3 517

The GCD 15 the product of the prime factors that are shared by both numbers.

2 el 3 B
5 i 7

The GCD 15 3.5 =15,

There are 5 columns in the table. The LCW 1 the product of the 5 prime factors

that appear in these columns.

2131 3]5
3 5|7

The LCMis 2-3-3-5-7=630.
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Additional Example 3:
Find the GCD {(greatest cotnmon diviser) and the DO (least common multiple)

of 12, 18, and 24.

Solution:
Factor 12 1nto a product of prime numbers.
12=4.3
=2.2.3

Factor 18 1nto a product of prime numbers.

15=2.9
=233

Factor 24 1into a product of prime numbers.

24=4.6
=2.2.2.3

Arrange the prime factors 1n a table, ahgtng commeon factors i the same
column.
2123

2 313
21203 2

The GCD 15 the product of the prime factors that are shared by all numbers,

21203
2 N
21203 2

The GZD 15 2. 3= 6.

There are 5 columns in the table. The LC 13 the product of the 5 prime factors
that appear in these columns.
2123

2 313
2123 2

The LCMis 2-2-3-3-2=72.
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Additional Example 4:
Find the GCD {(greatest cotnmon diviser) and the DO (least common multiple)

of 18, 36, and &0.

Solution:
Factor 18 1nto a product of prime numbers.
18=2.9
=2.3.3

Factor 36 into a product of prime numbers.

6=4.93
=2.2.3.3

Factor 601nto a product of prime numbers.

60=46-10
=2.3.2.5

Arrange the prime Factors in a table, aligning commeon factors in the same

column.

2|33
213132
2|3 215

The GCD 15 the product of the prime factors that are shared by all numbers.

Rl 3
2| 3| 3|2
2] 2 2|5

The GCD 15 2-3=6

There are 5 columns in the table. The DO 1z the product of the 5 prime factors
that appear in these columns.
2133

213132
2|3 215

The LCMis 2-3-3-2-5=180.
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Addition and Subtraction of Fractions

The rules for adding, subtracting, multiplying, and diwding integers that were
presented in Section 1.2 extend to all real numbers. In this section, we will use

those rules in performing the operations of addition and subtraction of fractions.

Addition and Subtraction of Fractions with Like Denominators:

To add {or subtract) twe fractions whose denominators are the same, add {or

subtract) the numerators and keep the common denominator,

If 2k, and ¢ are real numbers and =0, then

a b a+b a b a-b
—4-=—— and ———=—o—"
cC ¢

c c C c

Example:

Evaluate each of the following and give all results 1n simplest form.
1 5
-4+ =

@ 5t

305

(k) 373

5

1
3——-4Z
(c) 2
Solution:

{a) To add two fractions with a common denominator, begin by writing the sum

of the numerators over the common denominator,

1 5 1445
=
12 1z 12
= % Petform the additon 1n the mumerator,

1 1
= Z ' 'Z Ciawide out cotmon factors in munerator and denotminator,

RE:

=— Simplify.
> implify

—
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(b) To subtract two fractions with a common denominator, begin by writing the

difference of the numerators over the comimn on denominator,

3 B 5 3-5

2 8 8
= 3 +é_5} Rewrite the subraction in the numerator as addition.
= _8_2 Petform the addition 1n the nuymerator,

=——t Duwide out cotrumon factors in mumerator and denotminator,

P
74

__1 Sirnpli 7

=

(c) Webegin by writing the mixzed numbers as improper fractions.

45 18
& & & 6
19— 29 _ . -
= : Write the difference of the numerators over the common denominator,
= @ Eewnte the subtraction in the numerator as addition.
-10 o
= T Perfonm the addibion m the munerator,

—

T,
n

=— Divde out common factors in mumerator and denominataor,

[N

Simnpli fy.

| h T,

Addition and Subtraction of Fractions with Unlike
Denominators:

To add {or subtract) twe fractions whose denominators are not the same, we must
rewnte each fraction so that they have a common denominator. The smallest

such denominator 15 called the least common denominater (LT, The method

of finding the LT of the denomunators will produce the LD,

44 University of Houston Department of Mathematics



SECTION 1.3 Fractions

Example:

Evaluate §+% and give the resultin simplest form.

Solution:

We must rewnte the given fractions so that they have a common denominator.  Find

the LCW of the denominators 8 and 28 to find the least common denominator.

p=2-4=2.2.2 and 25=4.7=2.2.7

The least comm on
denominator 13

2-a-2-7=56

Express each fraction as an equivalent fraction with a denominator of 26

For the first fraction, we need to multiply 8 by 7 since 8(7)=56. We also

tnust multiply the nutnerator by 7.

For the second fraction, we need to multiply 28 by 2 since 28(2=26, We alzo
must multiply the numerator by 2.

205 37 5.2

B

B 28 87 282

21 10 e
= —4+—
=t Ferfomm the multiplications.
21+10 _ .
= = Write the sum ofthe mumerators over the common denorunator,
21
= % Slﬂlpll]‘?}Y

Additional Example 1:
Evaluate each of the foll owing and write all answers in simplest form.

301
@ 373
2 B
® 373
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Solution:

{a) To add two fractions with a common denominator, begin by writing the sum
of the numerators over the common denominator.

Perfonm the additon 10 the numerator,

1
i Diwide out cornon factors in mumerator and denominator.

4-2

1 o
=_ Simplify.
> plify

(b)) To subtract two fractions wath a common denominator, begin by writing the
difference of the numerators over the comm on denominator.

2_8_z2-8
9 9 g
= 2 é—S} Eewrnte the subraction in the numerator as additton,
-5 AU
= F Perfonmn the addition in the numerator,

=—-—" Diwde out comumon factors in mumerator and denomunator.

Sirnpli B,

Additional Example 2:
Evaluate each of the following and write all answers in simplest form.

3 1
al 3 ——4 —
@ 12 12

3 1

2 —+4—
®) 10 10
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SECTION 1.3 Fractions

fa) We begin by writing the mized numbers as improper fractions.

32 _41_31_48
12 12 12 12
_41-49

12

_41+(-49)

12

T12

MH
T
[0

(WA o] ._.“NL
~e,
L

Write the difference of the numerators owver the common denominator,

Rewrite the subtraction in the mumerator as addition.

Perfonm the addition m the numerator,

Ciwide out commmon factors in sumerator and denotminator,

Simpl fr.

(by Webegin by writing the mixzed numbers as improper fractions.

2i+4i:§+ﬂ
0 10 10 10
_23+41

Additional Example 3:

Write the sum ofthe mumerators over the common denotinator,

Perfonm the addition in the numerator.

Civide out commeon factors in mumerator and denoruinator,

Simplify.

Write the result as amuzed number,

Evaluate each of the foll owing and write all answers in simplest form.

3 4
a) —+—
@ 10 15
11 17
(b) T
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Solution:
{a) "We must rewrite the given fractions so that they have a common denominator,

(b)

48

Find the LCW of the denominators 10 and 15 to find the least common denominator.

10=25 and 15=3.5

The least comm on

denominator 15

2-5.3=30

Express each fraction as an equivalent fraction with a denominator of 20,

For the first fracti on, we need to multiply 10 by 2 since 10. 2= 20 We alzo

must multiply the numerator by =

For the second fraction, we need to multiply 15 by 2 asince 15- 2= 30, We alzo

must multiply the numerator by 2

3 4 33 4.2

+
1w 15 10.3 152

= E + E Ferform the multiplications.
200 =0
9+8 . .
= ﬁ Write the sum ofthe munerators over the common denotinator,
17 L
=— Simnplify,
0 plify

We must rewrite the given fractions so that they have a common denominator.
Find the LCM of the denominators 14 and 21 to find the least common denominator.

4=27 and 21=37

2|7
7|3

The least comm on
denominator 18
2.7 3=42
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Express each fraction as an equivalent fraction with a denominator of 42

For the first fraction, we need to multiply 14 by 3 since 14. 3= 42, We also

must multiply the numerator by =

Forthe second fraction, we need to multiply 21 by 2 since 21. 2=42 We also

must multiply the numerator by 2

= E - E Perfonm the multiplications.
42 42
33-34 . . .
= - Write the difference of the numerators over the cormon denominator,
= 33 +4{;34} Write the subtraction in the mumerator as addition.
-1 1 o
=—=——  Perfornn the addition in the numnerator,
42 42

Additional Example 4:
Evaluate the following and write the answer in simplest form. (If the answeris

a mixed numberfimpr oper fraction, then write the answer as a mized number )

315l
5 6
Solution:
We begin by rewriting each mixed number as an improper fraction.
E l+ 51 = E +E
5 &6 5 &

We must rewrite the given fractions so that they have a comm on denominator.

Find the LOM of the denominators & and 6 to find the least commoeon denominator.

Sisprime and 6= 2. 3
5

The least comm on

denominator i3

5.2.3=30
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Expreszs each fraction az an equivalent fraction with a denominator of 30

For the first fraction, we need to multiply 2 by 6 since 5. 6= 30 We also must
multiply the numerator by 6.

For the second fracti on, we need to multiply & by 2 since 6.5 =30 "We also must
multiply the numerator by 5.

31+512E+E
] & S &
166 315
=+
5.6 6.5
96 155
=4+ —
a0 0 30
964155
30
_251
a0

Petforn the rltiplications,

Write the sum ofthe mumerators over the common denormnator,
Petrform the additton 1n the numerator,

11

=3— Write the result as a muzed number,

30

Multiplication and Division of Fractions

The rules for adding, subtracting, multiplying, and disnding integers that were
presented in Section 1.2 extend to all real numbers. In this section, we will use

those tules in petforming the operations of multiplication and division of fractions.

Multiplication of Fractions:

The multiply two fractions, place the product of the num erators over the produt

of the dencminators.

ot c,andd are real numbers and ¢ 2 0 and & = 0, then
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Example:

Evaluate o % and give the resultin simplest form.

Solution:
To multiply two fractions, wnte the product of the numerators over the

product of the denominators.

Diwide out common factors in numerator and denonunator,

= Simplify.

Division of Fractions:

Tofind the quotient of two fractions, multiply the first fraction by the reciprocal

of the second fraction.

Ta b e, andd are real numbers, and 2= 0, e 20, and & =0, then
b oa o

d cb

i
I

Two numbers are reciprocals of each other if their product 15 1. For example,

E and % are reciprocals since EE: 1.

8

Example:

Evaluate %+ % and give the result in simplest form.
Solution:

To divide two fractions, multiply the first fraction by the reciprocal of the

second fraction.
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2 N 229
3209 3B
= E Follow the rule for multiplying fract ons.
3.8
1 1
- )ﬁz}i Ciawide out comimon factors in munerator and denotminator,
DD
1 1
_3 Sirnplify.
4

Additional Example 1:
Evaluate each of the foll owing and write all answers in simplest form.

2

2.6
(a) 2

2

2.6
(b) :

Solution:
{a) Write 6 as % Then to multiply two fraction s, write the product of the

numerators over the product of the denominators.

2625
3 31
26
2.1
1
2oE2 : :
= Diwde out comimon factors 1n numerator and denommnator,
21
= ? Sirnpli B,
=4 Sinpl fy.

(b) Write 6 as ? Then to divide two fracti ons, rltiply the first fraction by

the reciprocal of the second fraction.

52 University of Houston Department of Mathematics



SECTION 1.3 Fractions

22,8
301
21
326
21 o .
= e Follow the rule for multiplying fractions.
1
! y . .
= ? Duwide out cotrmon factors tn mumnerator and denorinator,
3_ .
1
1 S
= 3 Simph £y,

Additional Example 2:
Evaluate each of the following and write all answers in sinplest form. (I the
answer 15 a mized number/inpr oper fraction, then write the answer as an

improper fraction.)

2710
(a) EE

38
® .
Solution:

(a) To multiply two fractions, wiite the product of the numerators over
the product of the dencminators.

27 10 2710

25 33 025.33
1 1
73325
B 5.15*.13.11
1 1
18
" 55

Cawide out common factors in mumerator and denominator,

Simplify.

(b) To divide two fractions, multiply the first fraction by the reciprocal of the
second frachon.
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2.3_34

11 44 11 &
344 . .
= m Follow the rule for multiplning fract ons.

1
Aoy . _
}’f 3 2 Diwde out common factors in mumerator and denommnator.

1 1
4

Simplify.

Additional Example 3:

Evaluate each of the following and write all answers in simplest form.

af 4
(a) —g(—g]

_1
B
® 3
14
Solution:

(&) To multiply two fractions, wnte the product of the numerators over the
product of the denominators. Since the fractions have like signs, the answer
17 positive.

34 34
2l 21} =.21

11 1
= ’3 ’Z ’Z Cawide out commmeon factors in mumerator and denorminator,
2 27T
1 1
_1 Simpl fy
14 Py

(b} To divide two fractions, multiply the first fraction by the reciprocal of the second
fraction. Since the fractions have unlike signs, the answer 12 negative.
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=- (%} Follow the rule for multiplying fract ons.
1
1. %7 - . .
=— Diwnde out common factors in munerator and denomunator.
Z 223
1
7 o
=—— Simplify.
T plify

Additional Example 4:
Evaluate the following and wnite the answer in simplest form. (If the

answer 15 a mized numberfimproper fraction, then write the answer as a

mixed number)

(4

Solution:
We begin by writing each mixed number as an tmproper fraction Then to divide

two fract ons, multiply the first fraction by the reciprocal of the second fraction.
R A S I
2 5/ 2 5
=— Follow the rule for multiplying fract ons.

= Ciawide out commeon factors in mumerator and denominator,

Simpli .

=1— Write az a mixed munber,
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For each of the following groups of numbers,
(a) Find their GCD (greatest common divisor).
(b) Find their LCM (least common multiple).

1. 6and8

2. 4and5

3. 7and10

4. 12and 15
5. 14and 28
6. 6and?22

7. 8and20

8. 9and18

9. 18and 30
10. 60 and 210
11. 16, 20, and 24

12. 15,21, and 27

Change each of the following improper fractions to a

mixed number.

13. (a) % (b) ?
14. (a) % (b) %
15. (a) —2747 (b) —%
16. (a) —% (b) ‘§

© 2

3
49
© 9

73

(©) BT

57

© -

Change each of the following mixed numbers to an

improper fraction.
17. (a) 5% (b) 73

18. (a) 31 (b) 101

56

(c) 8%

(c) 6%

19. (@) —23

20. (a) —4%

Evaluate the following.

(b) —5% ) -12%

(b) -11¢ () 92

Write all answers in simplest

form. (If the answer is a mixed number/improper

fraction, then write the
21. (a)
22. (a)
23. (a) 83-2%
24. (a)
25. (a)
26. (a) 9522
27. (8 7—-%

28. (8) 65+2%

Evaluate the following.

answer as a mixed number.)
8 4 3
_+___
11 11 11

0 2+2-2

(b)

(b) -+
(b) 72+52%
(b) 63+7%
(b) 4—3
(b) 72-32

(b) 81-23

Write all answers in simplest

form. (If the answer is a mixed number/improper
fraction, then write the answer as a mixed number.)

11

29. (&) =+=

@ 4 2

30. (@ -—-—
11

31. (8 —+=-——
@) 4 5
11

32. (8 =+=—-=
@) 2 7

33. (&) ———
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Exercise Set 1.3: Fractions

1_1 8.7 1 8. —10

34. (a) Y (b) TAEE 49. (a) 572—0 (b) §74 (c) ?
3. (@) 47+53 (b) 75555 50. () —+6  (b) —20+(_§J © 22:2
11 5 9

5_121 1 3
36. (a) 102-31 (b) 65+42 b 18 3 5
51. (a) E7 (b) — (© TR
37. (a) 7i+84 (b) 54-12 9

i 36 9 49 35

4 . .
38. (a) 74-3¢ (b) 21+9L 52. () s ®) ~T¥5g © 355,

39. (@) 5&-2% (b) 9%+22

Evaluate the following. Write all answers in simplest

0. @ 75+63 (0) 1155 -3 form. (If the answer is a mixed number/improper
fraction, then write the answer as a mixed number.)
Evaluate the following. Write all answers in simplest 53. (@) (8%)(%) (b) (1%)(%)
form. (If the answer is a mixed number/improper
fraction, then write the answer as an improper ) 22).(3 7Y).(4
fraction.) 54. (a) (2%)-(3) b (35%)-(2)
n @ 2+3 ) L_8 55. (a) (24)-(5%) ) (62)-(23)
9 4 15 9
4. @) ~-2 b L. 56. @) (31):(55)  ® (5¢)(-2%)
16 10 14 35
4. @ 5+3 (0) 7-3 57 @ (58)+(23) () (-115)+(1%)
44. (a) 9-2 (b) 6+2 58. () (44)+(12) () (28)+(2%)

Evaluate the following. Write all answers in simplest
form. (If the answer is a mixed number/improper
fraction, then write the answer as an improper

fraction.)
45. (a) 5-% (b) 21% © —16-%
46. (a) 8-% (b) 24.% © _25.%
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Section 1.4: Exponents and Radicals

» Evaluating Exponential Expressions
» Square Roots

Evaluating Exponential Expressions

Let # be anatural number. Then the exponential expression x ™ 13 defined by

n - . th
x =x x-x - % Theexpressionis read as "x to the ™ power.”
‘ﬁd—f
n factos

The number x 15 called the haseand # 15 called the exponent. The exponent

gives the number of factors that the base x 15 usedin a product.

Two Rules for Exponential Expressions:

Let # and s be natural numbers.

(1) Productrule: z™x™ =z™""
If two exponential expressions with the same base are multiplied, keep the common

kasze and add the exponents.

(21 Power rule: (xm)n =x"™

If an exponential expression 15 raised to a power, keep the base and multiply the

exponents.

Example:
Tdentify the base and exponent for each of the following exponential expressions.

Then evaluate each expression.

(2) &%
by —9°
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Solution:
{a) The base1s 9 and the exponentis 2. This tells us that the base of 915 used

as afactor 2 times in a product.

Thus,
9<-9.9
=31,

{b) The baseis 9 and the exponentis 2. This tells us that the base of 91z used
as afactor 2 times in a product.

Thus,
—9%_-_9.9
=-31.

Example:
‘Write each of the following as a base and exponent. Do not evaluate.

(a) 3% 3°
® ()

Solution:

{a) Use the product rule for exponential expressions. Keep the common base
and find the sum of the exponents.

34_36:34+6

:310

(b} Tse the power rule for exponential expressions. Keep the base and find
the product of the exponents.

() =50

=31I:I
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Additional Properties for Exponential Expressions:

Two Definitions:

Let # be anatural number. "We have the following definitions:

(1) If x=0, then x" =1,
(2) (Megative exponents) Ifx# 0, then x~

1 1
"= andx"=——.

x" x

Quotient Rule for Exponential Expressions:

m

. x
Cuotient Eule: If s and » are natural numbers and x 2 0, then —=x
x

R

If two exponential expressions with the same base are divided, keep the common

kase and subtract the exponents.

From the definition of negative exponents, it follows that the Product FEule, the
Power Eule, and the Quotient Eule hold for all exponents that are integers.

Exponential Expressions with Bases of Products:

n.on

If » 15 an integer, [x;u)n =x"y"

Exponential Expressions with Bases of Fractions:

n ,
If #is an integer, x # 0, andy =0, then [f] =[£] _
¥ x

x H

Mote that [E] = y_.
x

Example:
Evaluate each of the following:

R 5 2\
@ 2 % © (gj

Solution:

i and i=;rn.
x x
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SECTION 1.4 Exponents and Radicals

Taing this rule, rewrite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.

2‘3:2i3
1
222
1
8
(b} If w2 and » are integers and x = 0, then x—n=xm_”.
x

Taing this rule, rewrite the given expression and then evaluate.

5° _ 596
-
_ <3
=555
=125

(c) If# is an integer, x= 0, andy = 0, then (E] = [E] _
¥y x

TTaing this rule, rewrite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.
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Additional Example 1:
Identify the base and exponent for each of the following exponential expressions.

Then evaluate each expression.
@ &
(b) -6

3
© [é]

1 2
@ [—g]

Solution:

{a) The baseis 6 and the exponent1s 3 This tells us that the base of 615 used
as a factor 2 titnes 1n a product.

Thus,
5=6.6 6
=366
=216

(b) The base 15 6 and the exponenti1s 2 This tells us that the base of 615 used
as afactor 2 times in a product.

Thus,
62 =_6.6
= _36,

{c) The baseis é and the exponent iz 2 Thisz tells us that the base of é 1z used

as atactor 3 times in a product.

Thus,
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{d) The base is —é and the exponent 15 2. This tells us that the base of —é 13

used as afactor 2 times 1n a product.

ERES

Thus,

g

Additional Example 2:
Write each of the following az a base and exponent. Do not evaluate.

(2) 4°.4°
(b) 47247
g
© j—3
(d) (42)5

Solution:

{a) Use the product rule for exponential expressions. Keep the commeon base
and find the sum of the exponents.

43 45 4345
= 4%

(b} Usze the product rule for exponential expressions. Keep the comm on base
and find the sum of the exponents.

472 4T _ g-247

=47

{c) Usethe quotient rule for exponential expressions. Eeep the common base
and subtract the exponents.
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{d) Usethe power rule for exponential expressions. Keep the base and find
the product of the exponents.

(42)5 _ 4 %E)

:412

Additional Example 3:

Eewrite each expression so that it contains positive exponents rather than
negative exponents, and then evaluate the expression.

() 87

1
'fb)?—_3

4 =3
(c) [gJ

5 -2
o

Solution:

(a) If# iz an integer and x = 0,then x " =

= ! diﬂ:x”.

— an
x" x

Tsing this rule, rewrite the given expression so that it contains a positive exponent.
Then evaluate the resulting exponential expression.

o1
8 :8_2

1
B8
1

64

(b) If # 15 an integer and x = 0,then x 7 =

and i_n: x".

1
i x
Taing this rule, rewrite the given expression so that it containg a positive exponent.

Then evaluate the resulting exponential expression.

64
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1 3
7=
=777
=343
{c) Ifais aninteger, x =0, andy =0, then (EJ =[£J .
¥ x

Taing this rule, rewrite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.

(d) If'» iz aninteger, x2 0, and y # 0, then [E} = [EJ .
Y

TTsing this rule, rewrite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.
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Square Roots

Definitions:

A number yis called a square root of a number x provided that y2 =x We zee

that — %9 and 2 are square roots of 81 since [—9) P_92_81 I ceneral, 1f

x =0, then x has two square roots, one 1s negative and one 15 posttive.

The prinicipal square root of x 15 the positive square root of x and is denoted by

u"r:ﬁ_:. The expression J; 1z an example of aradical expression and is read "the

square root of x"

Also, the pnncipal square root of 015 0 14"'5= 0. Moreover, the square root of

anegative number 1s not a real number.

In the example above, we have u'ﬁ= 9 and —u"'8_= -9
In the expression J; the symbol J_ iz called aradical sigh and x 13 called the

radicand.

Two Rules for Square Roots:

(1) Product Eule: x>0 and »= 10, then JE:J;J}_:

{2y Cuotient Eule: I x=0 and 3 =0, then J7: %
Y

-

Writing Radical Expressions in Simplest Radical Form:

The Product Eule and Quotient Eule for square roots can be used to wnte

radical expressions in simplest radical form.

A geuare root 18 not in stmplest radical form 1f the radicand containg a perfect

seuare factor.
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Ezamples of perfect integer squares are 36 = 62, 64=8% and 121=11% {Their

square roots are integers.) For example, ~/ 24 13 not in simplest radical form

since 24 contains a petfect square factor of 4.

Example:
WWrte /24 in simplest radical form.

Solution:
First, factor 24 into the product of two numbers so that one of the factors

1z the largest perfect square factor that divides 24 J2d = a6

Mext, use the product rule for square roots: 4.6 = u'q JE

Thus,

= 2.f6. (4 = 2 since 2% = 4 and 2 is positive)

A square root 15 not i simplest radical form if the radicand contains a fraction. In
addition, a radical expression 15 not i stmplest radical form i there 15 a radical in the

denormnator,

For example, T 1z not in simplest radical form. In this case, we can rafionalize

the denominator by multiplying both numerator and denominator by \E and use
the definition of a square root to note that u@u@: 3

In general, if x = 0, then ﬁwf}: x

Example:

TWrite ’% in simplest radical form.
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Solution:
First, use the quotent property of square roots: ﬂ = E
545
Then
64 fe4
5 45
= % Sitn plifiy it the mom erator.
85
= Iultiply taumerator and denot inator b ~Jl'5_
NN Hy ¥
= % Timplify. (Mote thet £ 2 0, then oJx - afr = 2

Exponential Form:

Bw the following definition, a square root can be written in exponential form.

1
Fx=0, then xiz—\}?.

1
For example, 36 2 = ﬁ: &.

Additional Example 1:
TWrite each expression in simplest radical form.

(a) J49
1

(b) (100)2
() /28

25
() [EJ

Solution:

b —

(a) J@ 1s the principal square root of 49 MNote that 7 2=49 and 7 is posttive.
Thus,

Jas =7
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1
(b) First, rewnte the expression in radical form: IIIDCI:I 2 =4f100

J100 is the principal square root of 100, Note that 102 =100 and 10 is positive.
Thus,

(100)% =100

=10.

{c) First, factor 28 into the product of two numbers so that one of the factors 15 the largest
petfect square that divides 25 u'f2_8= 47

Hext, use the product rule for square roots: N EN u'q xﬁ
Thus,

1

{d) First, rewrite the expression in radical form: (;J g E

6l
Hext, use the quotient rule for square roots: J; = E

81

Thus,

Additional Example 2:

WWrite each expression in simplest radical form.

.
(a) E

El
(b s
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Solution:
{a) First, multiply numerator and denominator by \E Then simplify by noting

thatifx = 0, fx fx=x.

Thus,
718
335
5
I
(b) ; = % U se the quotient nile for square roots,
= % Simplifyin the mom erator,
= j‘___—) {i_—) LIultiply mamerator and denominator by «.r"j-
25

Simplify. Nots thatif x 2 0, thennfr - fx =

Additional Example 3:
“Write each expression in sinplest radical form.

w -
4

b) - 7e

Solution:

(a) First, factor 18 into the product of two numbers so that one of the factors

(a1}

oy | o=t
oo
@./‘“ﬂ
b2

15 the largest perfect square that diwvides 18; —

Then
_AlB ez
& 6
=— ﬁﬁﬁ U se the product rule for square roots.
342
=— T‘J_ Simplifyin the mumerator,

70 University of Houston Department of Mathematics



SECTION 1.4 Exponents and Radicals

B | T, =
RIS

Divide out com moon Factors.

Simplify.

(b} First, factor 12 into the product of two numbers so that one of the factors
4 4
Jizo A

1z the largest petfect square that divides 120 —

Then

%_p_u_
]

I
i (=

1 e the product rule for sopare roots.

- 5
o

Simplifyin the denominator.

fmf:n

DDl tiply mmam er ator and denominat or by \E

243 03
:—% Simplify. (Wobe thatifx 20, Wx ~% = %)
1
=- ’Z 2. ﬁ Divide ot common factors,
23
1
:—g_ Simplify.
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Write each of the following products instead as a base
and exponent. (For example, 6-6 =6)

Write each of the following products instead as a base

and exponent. (Do not evaluate; simply write the base
and exponent.) No answers should contain negative

1. (@ 7.7-7 (b) 10-10 exponents.
(c) 8-8.8.8.8.8 (d) 3-3.3.3.3.3.3
13. (a) 5°%-5°
2. (a) 9:9:9 (b) 4-4-4-4.4
69
Fill in the appropriate symbol from the set { <,>,=}. 15. (a) &
4. (-9°____ o0 7o
17. (a) 5
6 4
5 (—8) 0
812
18. (a) ——
6. -8° 0 (@) g°.g*
7. -10° (-10)° 19. (a) (73)6
8. -10° (-10)’

Evaluate the following.

9. (a) 3 (b)
(d) -3 (€
@ (-3 (h)
G 3° (k)
(m) 3* (n)

10. (@) 5° (b)
(d) 5* (€)
(@) 5° (h)
G) 5° (k)
(m) 5° (n)

11. (@) (0.5)° (b)

12. (@ (0.03)*  (b)

72

(©)
(f)
(i)
(1
(0)

(©)
(f)
(i)
(1
(0)

(©)

(©)

20. (a) (&)’

(b) 572.5°

(b) 3°.3°
(b) —

(b) —=
b) ——=
b) ——
o ()]
o ()]

Rewrite each expression so that it contains positive

33 exponent(s) rather than negative exponent(s), and then
33 evaluate the expression.
(—3)2 21. (@ 5% (b)) 52 (¢) 5°
(-3)
(3" 22. @ 3" (0 3?7 (¢ 37
23. (@) 2° (b) 2°
50
5t 24. @) 72 (b) 10°*
-52 1! o\
& 25. (a) (Ej (b) (Ej
-5 -1 1
1 6
. 26. (2) (ﬂ (b) (Ej
S e e
27. (@) -5 (b) (-5)
1 2
_(EJ 28. (a) (-8)° (b) -87°
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Exercise Set 1.4: Exponents and Radicals

Evaluate the following.

28 272
29. (a) - (b) 5%
57t 51
30. (a) = (b) =

® ()]
o (=)

Simplify the following. No answers should contain
negative exponents.

33. (a) (3x3y4z‘2)3 (b) (3x3y4z‘2)73

34. (a) (6x’5y3z4)2 (b) (6x’5y3z4)_2
35.

36.

37.

38.

39, ———

40.

41.
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Write each of the following expressions in simplest

radical form or as a rational number (if appropriate).

If it is already in simplest radical form, say so.

45.

46.

47.

48.

49,

50.

51.

52.

53.

54.

55.

56.

(@)

(@)

(@)

(@)

(@)

(@)

(@)

(@)

(@)

(@)

(@)

(@)

(36)’

J20

J28

—_
I
(8]

~.

~ =
§v| wir o= g E

S

b) 7
(b) 49
(b) 14
(b) \/%
0) 72
(b) ~/48

(b) (80)

(b) /180
o s
(b) \E

(b) %

11
bh) —
(b) 5

N

(© 18

(c) (32)

© =

(c) /55

(c) (27)

(c) /500

(c) /60

(c) (84)

© 3

o\
o (3]

3
(© ﬁ

5
© E

73



Exercise Set 1.4: Exponents and Radicals

57. (@) 3° (b) X'y°7' 63. (a) 8 (b) 3-8 © -
64. (a) 81 (b) 4-81 (c) -481

65. (a) $,000,000  (b) $~1 000,000
(c) —$/1,000,000

66. (a)

58. (a) 27 (b) a%b’c

Evaluate the following.

o
w
N

(b) %-32 © -%32

9.@ (5) 0 () © (V2)

67. (a) 4% o %  © -4
2 4 6
60. (a 7 b 3 c 10
@ (7] ® () © (V1) 6@ E s ©

69. (@) 5100,1000 (b) \5/_100,1000

We can evaluate radicals other than square roots. T

With square roots, we know, for example, that (©) /150,000

J49 =7, since 72 =49, and =49 is not a real

number. (There is no real number that when squared 70. () S (b) ¥-1 @ -

gives a value of —49, since 7° and (—7)2 give a value

of 49, not —49. The answer is a complex number,
which will not be addressed in this course.) In a
similar fashion, we can compute the following:

Cube Roots
3125 =5, since 5° =125 .

3~125 = -5, since (-5)* =-125.

Fourth Roots
410,000 =10, since 10* =10,000 .

4/-10,000 is not a real number.

Fifth Roots
$/32 =2, since 2° =32.

=32 = -2, since (—2)5 =-32.

Sixth Roots

6
6[L _ 1 i 1\° =
gL =1, since (2) =64.
§/-< isnot a real number.

Evaluate the following. If the answer is not a real
number, state “Not a real number.”

61. (a) /64 (b) -64 (€) —/64
62. (a) /25 (b) -25 (€) —/25
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SECTION 1.5 Order of Operations

Section 1.5: Order of Operations

» Evaluating Expressions Using the Order of Operations

Evaluating Expressions Using the Order of Operations

In evaluating expressions involving more than one operation, we need a procedure
that clarifies the order in which the operations are petformed. To see why this

15 necessary, consider the expression 94653

Ifthe addition 1z performed before the divizsion, the resultizs 12+3=5 However,
if the division is petformed before the addition, the resultis 9 4+2 =11

We need to establish an order of operations to rule out the possiblity of getting

two different results when evaluating expressions involving several operations.

Rules for the Order of Operations:

1) Operations that are within parentheses and other grouping symbols are performed
first. These operations are performed in the order established in the following steps.
If grouping symbols are nested, evaluate the expression within the innermost
grouping symbol first and work outward.

2) Exponential expressions and roots are evaluated first.

3) Multiplication and division are performed next, moving left to right and performing
these operations in the order that they occur.

4) Addition and subtraction are performed last, moving left to right and performing
these operations in the order that they occur.

Upon removing all of the grouping symbols, repeat the steps 2 through 4 until the
final result is obtained.
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CHAPTER 1 Introductory Information and Review

In evaluating the expression 94653 we follow the order of operations and
perform the division first and then the addition.

Thus,
B+6-3=94+2=11.

Example:
Evaluate: —1344.5-35+7

Solution:

Iultiplication and division are petformed before addition and subtraction. Working
from left to nght, peform the multiplication: 4-5

—134+4-5-35+7=-1534+20-35+7

=-12+4+20-5 Perform the drasion: 35 <7
=7-5 Working left fo right, perform the addition: -13 4+ 20
=2 Performn the subtrac ion.

Example:
Evaluate: (15-9)(6+1)%~ 20

Solution:

In the order of operations, begin by performing the operations within parentheses
(and other grouping symbols): 15-% and &+1

(15-9)(6+1)%-20=6-72-20

=49 20 Evaluate the expotertal ex pression: ?2
= 294 - 20 Peform the multiplication: & -49
=274 Perform the subtraction.

Additional Example 1:
Evaluate: 94+2-6-8+2
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SECTION 1.5 Order of Operations

Solution:

In the order of operations, multiplicati on and divizsion are petformed before
addition and subtraction.

Q+2-6-BF2=94+12-8+2  Working from left to right, perform the multiplication: 2 -6

=9412-4 Peform the division 2 +32
=21-4 Wotking left to right, petform the addition: 9 +12

=17 Peform the subtraction.

Additional Example 2:
Evaluate: [10 +12]+2+5[8—6]

Solution:

In the order of operations, begin by petforming the operations within parentheses
(and other grouping symbolz) 10412 and  H-6

(104+12)+2+5(8-6)=22+2+52

=11+5-2 Wootking from left to right, perform the division: 22+ 2
=11+10 FPeform the moudtiplication: 5.2
=21 Perform the addition.

Additional Example 3:
Evaluate: 13+(-8+11)(3+2)7

Solution:
In the order of operations, begin by performing the operations within parentheses
{and other grouping symbels): —84+11 and 542

134+(-8+11)(3+2)7 =13+3-57

=134+32-125 Ewduate the expotiential expression: 57
=134+275 Peform the multiplication: 3-125
=388 Perform the addition.
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Additional Example 4:
7-f81-57
14 +4:36

Evaluate:

Solution:
Petform the operations in the numerator and the denotninator separately. Begin by evaluating

the powers and roots: JS_I 52, and ﬁ

7JBI-52  7.9-25
144436 14+4-5

fa— 25 Peform the multiplication in the muverator: 7 -9
- 14424 Perform the multiplication in the denominator: 4 -6
1 Peform the subtraction in the numerator: 63 - 25
B % Perform the addition in the denominator; 14+ 24
=1 Simplify.

Additional Example 5:
Evaluate the expression 3|x+y|— 20z forx=16,y=2 andz =23

Solution:
substitute 16 for x, 2 for v, and 5 for = in the given expression

3|x+y|-20+2 = 3[16+2|— 20+5

Absolute value symbols serve as grouping symbols. Begin by performing the
operation within the absolute value symbeol: 1642

Then
3|x+y|-20+z =316 +2|-20+5
= 3[18|- 20+ 5
=3-18-20+5 E-waluate the shsolute walue of 15,
=54-20+5 Wotking left to right, perform the multiplication: 318
=54-4 Peform the division: 205
=50 Peform the subtraction.
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Exercise Set 1.5: Order of Operations

Answer the following.

1. Inthe abbreviation PEMDAS used for order of
operations,

(a) State what each letter stands for:
P:

©wPOZm

(b) If choosing between multiplication and
division, which operation should come first?
(Circle the correct answer.)

Multiplication
Division
Whichever appears first

(c) If choosing between addition and
subtraction, which operation should come
first? (Circle the correct answer.)

Addition
Subtraction
Whichever appears first

2. When performing order of operations, which of
the following are to be viewed as if they were
enclosed in parentheses? (Circle all that apply.)

Absolute value bars
Radical symbols
Fraction bars

Evaluate the following.

3. (a) 3+45 (b) (3+4)-5
(c) 3-45 d) (3-4)-5
€) 3-4+5 (f) 3-(4+5)

4. (a) 10-6-7 (b) (10-6)-7
(©) 10+6(7) (d) 10(6+7)
€) 7-10+6 (f) 7-(10+6)

5. () |-3-7| (b) |-7+3]
© |-3|-7 d) |-7]+3

6. (@) |-2+5] (b) |-2]+5
(© |-2-5] (d) [-2[-|5]

MATH 1300 Fundamentals of Mathematics

10.

11.

12.

13.

14.

15.

16.

17.

18.

(@)
(©)
(€)

(@)
(©)
(€)

(@)

(©)

(@)
(©)
@)

(©)
(€)

(@)
(©)
(€)

(@)
(©)

(@)
(©)

(@)
(©)

(@)
(©)

(@)

(@)

—2-7+5
—2-(-7)+5
-2(7-(-5))

-6-2+(-4)
-6-2(-4)
2—(-6)+4

5(4-7)
5-1(4-7)

—2-3?
—2+3(1+4)
2% 4+32

20+ 2(10)

(b)
(d)
(f)

(b)
(d)
(f)

(b)

(d)

(b)
(d)
(b)

(d)
(f)

(b)
(d)
()

(b)

~20-10+(-2)-10-5

24+ 4(-2)

(b)

24(-2)+4+2(-2)

10% +5.2

(b)

2(10+(2-5)°)-5

(3+9) = 3-4

3—(9—(3—4)3)
(3+%)71 (b) (3%)7l

OHRCY

(b)

—2-(7+5)
—2-7(-5)
2(7)-5+7
—6—(2+(-4))

(-6-2)(-4)
2—4(-6+2)

2 (1 1
_ _+_
5 (3 4)

2( 1 1)
p— __+_
5L 3 4

—2°(-3)°
(-2+3)(1+4)°
(2+3)°

20+(2-10)

(24+4)-2
(10+5-2)°

3+(9 + 3)-4

0 1)

o o)

79



Exercise Set 1.5: Order of Operations

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

80

J16
3-2.16

2-3(+/4+1)

2-3J4+1
2-3(+/4+1)
294+
2-3(\a+1)
2_3(M)2

(3-7)-(7-3)
12+2-3-3

(2-4)° (-1 -1
5-12+6+3

35.

36.

37.

38.

39.

40.

41.

42,

43.

44,

45

46

~JB1-2(4+3(2))
{2
144 +5° ~2(6% +12.3)

J3(s-2)
349

34922
3J49

,/9+16(—12)
o

35
V9+16

515
2+8+2-4

—2—|32—5|
2+8+(2-4)

|5—32|+\/32+7 |2° 47 |1

Ja+2(2+1)° \/QJF(Z\@)Z

‘5—(2-@)2‘ V2 +2+2 - 3-8

+
\B1-+/16 +2°

14341+ V1+4-2
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Exercise Set 1.5: Order of Operations

Evaluate the following expressions for the given values
of the variables.

a7, p+£ for P=5r=-landk=7.

48. 1+X for x=4,y=-3,and z =8.
y 2

49.

— 2_
w for b=4 and c=-2.

c

a— 2—
5o _DFVb"-4ac “;45“3 for a=—1,b=3,andc=18.
a
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Section 1.6: Solving Linear Equations

» Linear Equations

Linear Equations

Rules for Solving Equations:

In solwing an equation, we isolate the variable on one side of the equation by using the
following rules:

(10 f A= 5, then
A+ =B+ Adding or subtracting the same quantity to both sides of an
and equation produces an eguivalent equation, an equation with the
A CeBr same solutions as the onginal equation.

() I in addtion, f = 0, then

AC=8F0C Multiplying or dividing both sides of an equation by the same

and nonzero quantity produces an equivalent equation.

SIS
| o

Linear Equations:

An equation that can be written in the form ax+& =¢, wherea, &, andc are

real numbers and @ # 012 called a linear equation 1n the vanable x

Example:
solve the equation 6x+2=17
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SECTION 1.6 Solving Linear Equations

Solution:
bx+5=17
br+5-5=17-5 Subtract 5 from both sides of the equation.
6x=12 Simplify,
Fx 12 . . _
F = E Diwvide both sides of the equation by &,
x=2 Simplify.
Example:

=olve the equation 2(x+5)=9x-11.

Solution:
2fx+5)=9x—11
Sr+10=9x—-11 Tze the distributive property on the left-hand side (LHE).
2x+10-9x =9x-11-%x Bubtract % from both sides of the equation.
=7x+10 =-11 Simplifyy.
—Tx+10-10==-11-10 Subtract 10 from both sides of the equation.
—Tx=-21 Simplify.
77’(‘7‘- - —21 Diivvide both sides of the equation by -7,
= =7

x=3 Simplify.

Additional Example 1:
solve the equation 6x+3=4x 433

Solution:
fx+3=4x+33
fx+3-dx=4x+33-4x Zubtract 4r from both sides of the equation.
2x+3=133 Simplify,
2x+3-3=33-3 Subtract 3 from hoth sides of the equation.
ax =30 Birnplify.
é — E Divide both sides of the equation by 2.
2 2
x=15 Himplfy.
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Additional Example 2:
solve the equation 2(x -2+ 7=—-4{x+ 1)+ 3.

Solution:
2x=N+T=—A4x+1+3

dx—b+T=<Ax-443 Use the distributive property on both sides of the equation.

2x+l=-4x-1 Simplify.
2x+1+dx=—-dx-1+4x Add dx to both sides of the equation.
6x+1=—1 Simplify
tx+1-1=-1-1 Subtract 1 from both sides of the equation.
fx=—-2 Simplify.
% = __2 Diwide both sides of the equation by 6.
&
1 "
r=—— implify.
3
Additional Example 3:
solve the equati on g x; : =x
Solution:
oxr iy I3
12 6
12( 2le + l2x + 12(x-3) =12 Lultiply both sides of the equation by 12,
12 &
2dx+x+2(x—-3=12x Vimplify.
Sy f w5 =122 Use the distributive property on the LHE.
Nx—6=12x Combitie like terms on the THS
2x—6-12x=12x-12x Aubtract 12x from both sides of the equation,
15x—6=0 Simplify.
15z—6+6=0+4 Add & to both sides of the equation.
15x=6 Simplify,
&: E Divide both sides by 15
15 15
6 _
r=— Sirtplifsy.
15
. Simplify
r=-—= ’
5
84
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Exercise Set 1.6: Solving Linear Equations

Solve the following equations algebraically.

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

X+5=12

X+2=-8

6x =30

—4x =28

—6x=-10

8x =26

-3x+7=13

5x-11=6
2X+3=4x-7
BX+2=-4x-6
3(x+2)+9=-5(x—8)-3
—4(x+3)-5=2(x-4)+3
3(2-5x)=—-4(7x-3)

7+2(3-8x)=4-6(1+5x)

X_7
5

X_10
3
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23.

24,

25.

26.

217.

28.

£x-1=7

—-3x-7=2

F(x-T)=2x+1

$x-12=-1(x-12)-3

2X  X+5
3 7

2+ 3x
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Section 1.7: Interval Notation and Linear Inequalities

» Linear Inequalities

Linear Inequalities

Annequality inthe variable x 15 linear if each tertn 12 a constant of a multiple of x
The inequality will contain an inequality symbaol:

< 15 less than

= 15 less than or equal to

> 15 greater than

= 15 greater than or equal to

To solve an inequality containing a variable, find all values of the variable that malce the
inequality true.

Rules for Solving Inequalities:

In solwing inequalities, 1solate the wvariable on one side of the inequality symbol by
using the following rules.

1) A= Fisequivalent to A+ = B4+

Adding the same quantity to both sidez of an inequality produces an equivalent inequality.

D A= Bisequvalentto A-C=8-C
Subtracting the same quantity from both sides of an inequality produces an equivalent
inequality.

NI C =0 then A= Fis equivalentto CA=CE
Lultiplying both sides of an inequality by a positive number produces an equivalent

inequality.

4) It & <0 then A = & 15 equivalent to &4 = CF

Multiplying both sides of an inequality by a negative number reverses the direction of the
inegquality.
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SECTION 1.7 Interval Notation and Linear Inequalities

Interval Notation:

After solving a linear inequality, we graph the solution set on the real number

line and write the selution in interval notati on.

Interval Notation Description of Interval Graph
includes dl real mambers & such that — .
[b’m) — rd
% is greater than b [x>E:I:I &
includes all real mumbersx such that
[E;.,m) L s
x is greater than o equal to b [J:EE:I:I &
includes dl real mambers x such that P —
(—m,a:] s =
xislessthan a  [r<a) ot
includes all real mambers x such that P
(—co,a] _ € et
¥ iz less than or equal to 2 [xi.::j o
[—DD, m) includes adl real mumbers » < =
includes dl real mambers x such that — —
[a,b) . = =
xisbetween g and b I:.:z-cx-:b) c &
includes all real mambers x such that
[a:,f:l) x is greater than or equal to 2 and » is & g
)

less than b |:ﬂ‘—: x= 51':'

includes all real mambers x such that
I:a:,f:'] x iz greater than 4 and x iz less than or ) o

erpaal to b [a<x%b)

includes all real tmmbers ¥ mch that

[a .E:n] ¥ is between and including 2 and b —y——

(2% x<h)

Example:

solve the tnequality 2x—5 = 3. (Give the answer 1n interval notation and graph
the solution set.

Solution:
2r—5=3
2r—5+5=345 Add 5 to both sides.
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2x =8 Sinplify.
78
22

=4 Simplify.

Divide both sides by 2.

The inequality 1z true for all values of x that are greater than 4. In interval notation the
solution is [4,0::). The graph of the solution iz sketched below.

¢ z

Example:

Solve the thequality 3x4+112 6x+58 . Give the answer in interval notation
and graph the solution set.

Solution:

Sx+11=26x4+8

Sx+ll-G6x=6x+8-6x Subtract x from both sides.

—Sx+11=18 Bimplify.
—3x+11-11=8-11 Subtract 11 from both sides
—32x=-3 Simplify,
Tf;,x = _—i Divide both sides by — 3. Rewverse the divection of the inequalitsy,
x=1 Simplify,

The inequality 1s true for all values of x that are less than or equal to 1. In interval notation
the solution 1z [—m,l]. The bracket at 1 indicates that 1 15 in the set  The graph of the
solution is sketched below.

|
' 1 o 1
-<-1 0 1

Example:

Solve the double inequality —1<2x—5<3 . Give the answer i interval notation
and graph the solution set.
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SECTION 1.7 Interval Notation and Linear Inequalities

Solution:

The solution set consist of all values of x that satisfy both inequalities:
—l<Z2x-5and 2x-5=3

Tosolve —1<2x—5273, use the rules for inequalities to 1solate x in the muddle

—-1<2x-5=3
“1+5<2x=-54+5=3+5  Add5
4 <2x =8 Simplify.
i-::Ei:§ Divide by 2.
2 72
A2wx=4 Simplify.

The solution in interval notation is [2,4]. The graph of the solution 13 shown below.

7 3 4

Additional Example 1:
Let 5= {—4 0,3}. What elements of 5, 1f any, sati sfy the inequality 2x4+ 5> x7
Solution:

substitute x = —4 into the inecquality.
Ax+o=x

T
-4y +52—4

7
~12+5>-4
~7x-4

—4 does not satisfy the inequality.

cubstitute x = 0 into the inequality.
x40 =x

T
2(0)+50
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i

0450

w

S=1)

0 zatizfies the inecquality.

substitute x = 3 into the inequality.
x40 =x

7
3 +553

7

B45=3
v

14 =3

3 gatisfies the inequality.

Additional Example 2:

Solve the inequality 4x— 9«11 Write the solution in interval notation and

craph the solution on the real number line.

Solution:
4x-% <11
dx-94+9 <1149 Add9 to both sdes,
Az =20 Bimplify.
Ax 20 .
- — Divide both sides by 4.
A 4
x5 SBimplify.

The mequality 13 true for all values of x that are less than 5 In mterval notation the solution

13 [—D::, 5) . The graph of the solution 12 sketched below.

4

( Gﬁ
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Additional Example 3:
Solve the inequality 7 —3x 29 Write the solution 1n interval notation and

graph the solution on the real number line.

Solution:
T=3x=9
F=3x-T7=%-7 Subtract 7 from both sides.
—Ex=2 Simplify.
ﬂx 2 . . . . . .
78, = —3 Divide both sides by — 3. Rewverse the direction of the inequality.
2 o
i= _E Simplify.

The mequality 13 true for all values of x that are less than or equal to —% . In mterval notation the

solution 18 [—m,— %} The bracket at —% indicates that —% iz it the set. The graph of the solution

12 sleetched belowr

<€

Additional Example 4:

Solve the inequality 3(dx—1=15x4+12. Write the solution 1n interval notation and
graph the solution on the real number line.

Solution:
3dx— D= 15x+12
12x-2=15x +12 Use the distribative property on the LHZ
12x-3-10x=15x+12-10x Subtract 15 x from both sides.
—3x-3=12 Simplify.
—Sx-343=21243 Add 3 to both sides,
—ax =15 Simplify.
Zgjg,x = % Divide both sidesby — 3. Rewerse the direction of the inequality.
x==5 Simplify.
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The mequality i3 true for all values of x that are greater than of equal to —5 . Ininterval notation the
solution is[—ﬂ,m)_ The bracket at — 5 indicates that — 5 15 in the set. The graph of the solution

12 sketched below.

Additional Example 5:
molve the double nedquality 1= 74 2x= 9 Write the solution in interval notation

and graph the solution on the real number line.

Solution:
1=T+2x =% Isolate x in the middle.
1-7=74+2x-T7=8-7 Subtract 7.
—6=2xr=2 Bimplify.
jgégg Divids by 2.
2 Z oz
-3=x=1 Bimplify.

In mterval notation the solution is[—3, 1] . The braclets at — 3 and 1 mdicate that

-3 and 1 are i the set. The graph of the solution 15 sketched below.

—® P
-3 1

Additional Example 6:

molve the double mequalty —2 {4%;; = % Write the solution 1n interval notation

and graph the solution on the real number line.

Solution:
—2 {4—;-:5% Tsolate ¥ in the middle.
5 5
44—z 3 _
(-2 < 7 =5 .= Multiply by 5.
2 kil
92
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SECTION 1.7 Interval Notation and Linear Inequalities

10 «4—x== Simplify.

-10-4 <d-—x-4=3-4 Subtract 4.

14 «—x=-1 Simplify.

(—D=14 = (—D{—x0={—D{—1)  Multiplyby - 1. Reverse the direction of the inequalities.
d=x=1 Simplify.

14>x=1 canbe written as 1= x <14,
In mterval notation the solution is[l,l-ﬂl:l . The braclet at 1 mndicates

that 1 1s in the set. The graph of the solution 18 sketched below.

JR—

1

=0

Additional Example 7:
A rental car company offers two options. Option 11is F100 per week plus 10

cents for each mile. Option 21is $125 per week plus 5 cents for each mile. How

many miles per week would a person need to drive to make Option 2 more

econcmical than Optien 17

Solution:
Let x = the number of miles per week

100+ .10x = the weekly cost of Option 1.
125+ .05x = the weelkly cost of Option 2.

Wrte an mnequality. We want Option 2 more economical than Option 1.

{The cost of Option 2) 15 less than {the cost of Option 1)

1254+ 05x < 1004+ 10x
1254 05x— 10x <1004+ 10x—.10x Subtract 10x from both sides

125— 05x <100 Simplify
125—05x—-125 <100-125 Subtract125 from both sides
— 05x =25 Sinplify.
765}: = _—25 Divide both sides by — 05, Rewerse the direction of the inecuality.
a5~ -05
x =500 Simplify.

A person must drive more than 500 miles per week for Option 2 to be more econommical
than Option 1.
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Exercise Set 1.7: Interval Notation and Linear Inequalities

For each of the following inequalities:
(a) Write the inequality algebraically.

(b) Graph the inequality on the real number line.

(c) Write the inequality in interval notation.
1. xis greater than 5.

2. Xis less than 4.

3. xis less than or equal to 3.

4. xis greater than or equal to 7.

5. xisnot equal to 2.

6. xisnotequalto 5.

7. xislessthan —1.

8. Xxisgreater than —6.

9. xis greater than or equal to —4.

10. xis less than or equal to —2.

11. xis not equal to —8.

12. xis not equal to 3.

13. xis not equal to 2 and x is not equal to 7.

14. xis not equal to —4 and x is not equal to 0.

Write each of the following inequalities in interval
notation.

15. x>3
16. x>-5
17. x<-2
18. x<7
19. 3<x<5
20. -7<x<2
21, x=-7

22. x#9

94

Write each of the following inequalities in interval
notation.

24. | — T 00— 1

25. ‘—l—l—l—‘

26. | Cp————
-3 -2-10 1 2 3 ¢
27, e ————
-3 2-10 1 2 3 ¢
28. T, 3

Given theset S = { 2,4,-3, % } use substitution to

determine which of the elements of S satisfy each of
the following inequalities.

29. 2x+5<10
30. 4x-2>-14
31. -2x+1>-7

32. -3x+1>0

33. x?+1<10

34.

1
—=<
X

aln

For each of the following inequalities:
(a) Solve the inequality.
(b) Graph the solution on the real number line.
(c) Write the solution in interval notation.
35. 2x<10

36. 3x=>24
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Exercise Set 1.7: Interval Notation and Linear Inequalities

37.

38.

39.

40.

41.

42,

43.

44,

45,

46.

47,

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

—5x>30

—4x <40
2x-5>-11
x+4<-17
8-3x>20
10-x>0
4x-11<7x+4
5-9x<3x-7
10x—-7=2x+6
8—-4x <6-5x
5-8x>4x+1
X+10>8x-9
=3(4+5x) <-2(7-X)
—4(3—2x) < —(x+20)
2-1Ix<1i(x+5)
2(x+4)>-1(20-x)
-10<3x+2<8
-9<2x-3<13
—4<3-7x<17
-19<5-4x<-3
§ogh <

3 5-2x _
2> 52>

wlo

Which of the following inequalities can never be true?

59.

(a8 5<x<9
(b) 9<x<5
(c) -3<x<7
(d) -5>x>-3

MATH 1300 Fundamentals of Mathematics

60.

(@ 3>x>5
(b) 8<x<1
(c) 2<x<-8
(d) -7=x>-10

Answer the following.

61.

62.

63.

64.

You go on a business trip and rent a car for $75
per week plus 23 cents per mile. Your employer
will pay a maximum of $100 per week for the
rental. (Assume that the car rental company
rounds to the nearest mile when computing the
mileage cost.)

(a) Write an inequality that models this
situation.

(b) What is the maximum number of miles
that you can drive and still be
reimbursed in full?

Joseph rents a catering hall to put on a dinner
theatre. He pays $225 to rent the space, and pays
an additional $7 per plate for each dinner served.
He then sells tickets for $15 each.

(a) Joseph wants to make a profit. Write an
inequality that models this situation.

(b) How many tickets must he sell to make
a profit?

A phone company has two long distance plans as
follows:

Plan 1: $4.95/month plus 5 cents/minute
Plan 2:  $2.75/month plus 7 cents/minute

How many minutes would you need to talk each
month in order for Plan 1 to be more cost-
effective than Plan 2?

Craig’s goal in math class is to obtain a “B” for
the semester. His semester average is based on
four equally weighted tests. So far, he has
obtained scores of 84, 89, and 90. What range of
scores could he receive on the fourth exam and
still obtain a “B” for the semester? (Note: The
minimum cutoff for a “B” is 80 percent, and an
average of 90 or above will be considered an
“A”)
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CHAPTER 1 Introductory Information and Review

Section 1.8: Absolute Value and Equations

> Absolute Value

Absolute Value

Equations of the Form |x| = C:

To solve an equation invoelving absolute value, use the following property:

If O 15 positive, then |x| =" 1s equivalent to x =1C
Eecall that the absolute value of a real number 15 1tz distance from 0 on the number
line. Thus, to sclve the equation |x| =, we find the two numbers that are exactly

O units from 0.

C‘u}lits C‘u}lits

Special Cases for |x| = C:

Case 10 If O 1z negative, then the equation |x| =" has no selution since absolute

value cannot be negative.

Case 2: The sclution of the equation |x|: 01s x=0

Example:
=olve the equation |4x+?| =9,
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SECTION 1.8 Absolute Value and Equations

Solution:

The equation |4x+?| = 91z equivalent to two equations: 4x4+7=9 or 4x+7=-9.

4x+7=9 or dx+7=-9
dx+7-T7=9-7 dx+7-T==-8-7
4}::2 4.7::_16
Ax 2 Ax _—16
A4 A4
2 -16
X=— r=—
4 4
1
r=— =
2

Checl: the answers.

1

LHS:ku§+?:p+?kﬂﬂ:9:RHB v

Lo o—

x=—4 LHS=W|(—+7|=|-16+7|=|-9|=9=RHS ¥

The solutions are x = l and x=—4.

Example:
=olve the equation 3|x+5|+6 =15,

Solution:
3|x+3+6=15
3lx+5+6-6=15-6
3lx+35|=9
Ale+s| 9

7 3

|x+5|=3

|x+5| =315 equivalent to two equations: x+5=3 or x+5=-3
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x+5=3 or x+5==-3
x+5-5=3-5 x+5-5=-3-3
x=-2 xr=-8

Checl: the answers.

x=-2 LHS=3]-2+5/+6=3[3+6=33+6=9+6=15=RHs ¥

x=-8 LHS=3|-8+5+6=3]-3+6=3 346 =9+6=15=RHS ¥

The zolutions are x=-2 and x = -5,

Example:

=olve the equation |2x+5|+ 6=1.

Solution:
|2x+5+6=1
|2x+5[+6-6=1-6
|2x+5=-5

The equation has no solution since absolute value cannot be negative,

Example:
Solve the equation [4x +1|= 0.

Solution:
x+1/=0
dx+1=10
dx+1-1=0-1
4x=-1

;‘fx_—l

#

r=-

4
1
4
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SECTION 1.8 Absolute Value and Equations

Checl: the answer.

— LHS=4[—1]+1= v
4 4

F1+1|= o|= 0=RHS

1

The zclution 15 x:—g.

Example:
Solve the equation |x— 1| = |3x+ 2|.

Solution:
The equati on |x— 1| = |3x+2| 15 equivalent to two equations: x—1=3x+ 2

of x—1=—[3z+2).

x—1=3x+2 or x=1==-(Ex+2)
x—1-3x=3x+2-3x r—1=-3x-12
—-2x-1=2 x—143x= —3x-2+3x
-2x-1+1=2+1 dx—1=-2
—-2r=3 dr—1+1=-2+1
7’2’:{ 3 dr=-1
A2 Ax_-1
3
r=—= j( 4
2 1
r=——
4

Checl: the answers.

a2 1me=|-3_4= Ezi
2 2 2 y
e (A TP N U | D
2 2 23T 2T 2
x=—1 LHS= ‘l 1H_§‘=E
4 4 4”4 y
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1
EH:= ‘3(_Z]+2

The solutions are Jf::—E and x=—

Il
|
| 1w
+
[0

B

Additional Example 1:
solve the equation | ax+2 |: 7.

Solution:

|3x+2|:?is equivalent to two equations: 3x+2=7 or Sx+2=-7.

Ax+2=7 or Sx4+2=-17
Sx42-2=7-2 I+ 2-2=-7-2
dx=5 3x=-9
,Zx_ﬁ ,Zx_—?
E 3 23
x:E x=_3
3
. 5
The solutions are x=— and x = -3

Additional Example 2:
molve the equati on 3| x+1 |— 4=75

Solution:

To solve the equation for x, begin by 1zolating the absolute walue on one side
of the equati on.

3| x+1]-4=5
3|x+1|-4+4=5+4

3 x+1]=9

3|x+1|_%

z 3

|x+1|=3
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|;{+1 |= Zig equivalent to two equations: x4+1=3orx+1=-5

r+1=73 or r+l1=-3
r+1-1=3-1 r+1-1=-3-1
:-'::2 x:—4

The solutions are x =2 and x =—4.

Additional Example 3:
=olve the equati on | 2x+1 |+3= 1.

Solution:

To solve the equation for x, begin by isolating the absolute value on one side
of the equati o,

|2x+1]|+3=1
|2x+1]+3-3=1-3
|2x+1]|=-2

The equation has no solution since absolute value cannot be negative.

Additional Example 4:

Solve the equation |3x— 5| =10

Solution:

| 3x— 5|: 015 equivalent to the equation 2x—5=10.
3x=5=10

Sx—9+5=04+5
x=5

£x_5

The zolution 1z x = E
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Additional Example 5:
=olve the equation |x—4 |: | 2x+3|.

Solution:

|x—4 |:|2x+3| 15 equivalent to two equations: x—4=2x4+3 or x—4=—-(2x+3)

x—d=2x+3 of x—d=—(2x+3
r—d—2xr=2xr+53-2x x—d=-2x-3
—x—4=73 =44+ Zx=—2x—-3+42x
—x—44+4=3+4 Ix—4=-3
—x=" x—d+4=-3+4
(—D{=x)=0-1(7 3x=1
x=-7 E:l
2 3
1
==
3

The solutions are x=—7 and x = %
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Exercise Set 1.8: Absolute Value and Equations

Solve the following equations.

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

[X|=-9
|x|=-10

|2x| =12

|-3x|=30
|x+4|=5
|x-7|=2
|x|+4=5
|x|-7=2
|3x—4|=8
|5x+4|=3
|3x|-4=8
|5x|+4=3
|2x-7|=1
|$x+3]=

|4—3x|+7:10

NI

X+

oot
wl~

|5x—2]+8=2
3[2x+1|+5=11
-2|2-9x|+6=4

—4|%x+1|+3=11
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22. 5—|x+7|=-8
23. [3x+2|=|5x-1]

24. | x+4|=|7x+6|
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