Math 1314
Week 6 Session Notes

A few remaining examples from Lesson 7:

Example 17: The model N(t) = 34.4(1+.32125t)"* gives the number of people in the US who
are between the ages of 45 and 55. Note, N(t)is given in millions and t corresponds to the
beginning of 1995.

(A) How large is this segment of the population projected to be at the beginning of 20117
(B) How fast will this segment of the population be growing at the beginning of 2011?

Solving problems that involve velocity is a common application of the derivative. Velocity can
be expressed using one of these two formulas, depending on whether units are given in feet or
meters:

h(t)=-16t> +v,t+h,  (feet)
h(t)=-4.9t* +vt+h,  (meters)

In each formula, v, is initial velocity and h, is initial height.

Example 18: Suppose you are standing on the top of a building that is 28 meters high. You
throw a ball up into the air, with initial velocity of 10.2 meters per second. Write the equation
that gives the height of the ball at time t. Then use the equation to find the velocity of the ball
when t = 2.



POPPER 6, question 1:

Find f'(3.65) if f(x)=6.15x*~8.94x+5.37.
A. 54.6724 B. 35.955 C. 41.325

Example 19: Suppose you are standing on the top of a building that is 121 feet high. You throw
a ball up into the air, with initial velocity of 36 feet per second. Write the equation that gives the
height of the ball at time t. Then use the equation to find the velocity of the ball when t =3.

We want to be able to find all values of x for which the tangent line to the graph of f is
horizontal. Since the slope of any horizontal line is 0, we’ll want to find the derivative, set it
equal to zero and solve the resulting equation for x.

Example 20: Find all values of x for which f'(x)=0: f(x) :%x3 +gx2 —7x+3



Example 21: Find all points on the graph of f (x) =5-3x+2x* where the tangent line is

horizontal.

We can also determine values of x for which the derivative is equal to a specified number. Set
the derivative equal to the given number and solve for x either algebraically or by graphing.

Example 22: Find all values of x for which f'(x)=3: f(X) :%x3 +gx2 —7x+3

Higher Order Derivatives
Sometimes we need to find the derivative of the derivative. Since the derivative is a function,

this is something we can readily do. The derivative of the derivative is called the second
derivative, and is denoted f''(x).

To find the second derivative, we will apply whatever rule is appropriate given the first
derivative.

Example 23: Find the second derivative when x =-3: f(x) = 4x®> —3x* + 2x* —=7x +5.

Example 24: Find the value of the second derivative when x =2: f(x) =3x* -5x> +7x+12



x*+2x-5

Example 25: Find the value of the second derivative when x = 2.1 if f(x) = )
X"+

x?1n x
-

(x*+3)°

Example 26: Find the value of the second derivative when x =5 if f(x) =

POPPER 6, problem 2
Suppose f (x):%x3’+6x2 —8x+1. Find f"(3).

A. 18 B. 40 C. 37 D. 6 E. Not listed



Lesson 8: Business Applications: Break Even Analysis, Equilibrium
Quantity/Price

Three functions of importance in business are cost functions, revenue functions and profit
functions.

Cost functions model the cost of producing goods or providing services. These are often
expressed as linear functions, or functions in the form C(x) =mx+b. A linear cost function is
made up of two parts, fixed costs such as rent, utilities, insurance, salaries and benefits, etc., and
variable costs, or the cost of the materials needed to produce each item. For example, fixed
monthly costs might be $125,000 and material costs per unit produced might be $15.88, so the
cost function could be expressed as C(x) =15.88x+125,000.

Revenue functions model the income received by a company when it sells its goods or services.
These functions are of the form R(x) = xp , where x is the number of items sold and p is the price

per item. Price however is not always static. For this reason, the unit price is often given in
terms of a demand function. This function gives the price of the item in terms of the number
demanded over a given period of time (week, month or year, for example). No matter what form
you find the demand function, to find the revenue function, you’ll multiply the demand function
by x. So if demand is given by p =1000-0.01x, the revenue function is given by

R(X) = x(1000-0.01x) =1000x —0.01x".

Profit functions model the profits made by manufacturing and selling goods or by providing
services. Profits represent the amount of money left over after goods or services are sold and
costs are met. We represent the profit as P(x) = R(x) —C(x).

Example 1: Write the cost, revenue and profit functions, given this information:
Suppose a manufacturer has monthly fixed costs of $100,000 and production costs of $12 for
each item produced. The item sells for $20.



Example 2: When an item is priced at $100, 500 units are demanded per week. Research shows
that for every $20 decrease in price, the quantity demanded will increase by 100 units. Find the
demand function.

Break-Even Analysis

The break-even point in business is the point at which a company is making neither a profit nor
incurring a loss. At the break-even point, the company has met all of its expenses associated
with manufacturing the good or providing the service. The x coordinate of the break-even point
gives the number of units that must be sold to break even. The y coordinate gives the revenues at
that production and sales level. After the break-even point, the company will make a profit, and
that profit will be the difference between its revenues and its costs.
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We can find the break-even point algebraically or graphically.

Example 3: Find the break-even point, given this information: Suppose a manufacturer has
monthly fixed costs of $100,000 and production costs of $12 for each item produced. The item
sells for $20.

Example 4: Suppose a company can model its costs according to the function

C(x) =0.000003x® —0.04x* + 200x + 70,000 where C(x) is given in dollars and demand can be
modeled by p =-0.02x +300. Write the revenue function and find the smallest positive quantity
for which all costs are covered.

POPPER 6, question 3:
Refer to Example 4: Which of these is the revenue function?

A. R(x)=-0.02x? +300x
B. R(x) =-0.02x+300
C. R(x) = 0.000003x> —0.04x? + 200x + 70,000



You may be given raw data concerning costs and revenues. In that case, you’ll need to start by

finding functions to represent cost and revenue. ¢ (Q (== 20D

R = p\we Sov o~

Example 5: Suppose you are given the cost data and demand data shown in the tables below.
Find a cubic regression equation that models costs, and a quadratic regression equation that
models demand. Then find the smallest positive quantity for which all costs are covered.

quantity produced | 50 100 200 500 1000 1200 1500 2000
total cost 100400 | 140100 | 182000 | 217400 | 229300 | 232600 | 239300 | 245500

quantity demanded | 50 | 100 | 200 | 500 | 1000 | 1200 | 1500 | 2000
price in dollars 295 | 285|280 | 270 | 250 | 248 | 249 | 248

-
CF7 L f(x) = 0.00009 x* — 0.33211 x2 + 384.13954 x + 99320.076
QG\ » g(x) = 0.00002 x> — 0.06083 x + 293.79593
List
> list1 = {(50, 100400), (100, 140100), (200, 182000), (500, 217400)

qua”

A = (-443.0623, -143783.80715) 1 S b')
el B = (949.32313, 240553.41342) '

C = (3401.17566, 1052719.01987)
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POPPER 6, question 6:

Which of these statements is correct?

A. To find the break even quantity, set the revenue function equal to the profit function

and solve for x.
B. To find the break even quantity, set the cost function equal to the profit function and

solve for x.

@ find the break even quantity, set the cost function equal to the revenue function and
solve for x. -~ — &



Market Equilibrium

The price of goods or services usually settles at a price that is dictated by the condition that the
demand for an item will be equal to the supply of the item. If the price is too high, consumers
will tend to refrain from buying the item. If the price is too low, manufacturers have no
incentive to produce the item, as their profits will be very low.

Market equilibrium occurs when the quantity produced equals the quantity demanded. The
quantity-produced at market equilibrium is called the equilibrium-quantity and the

corresponding price is called the equilibrium price. A e o Ao

\
Mathematically speaking, market equilibrium occurs at the point vﬁmg?gtﬁevg)raph of the supply
function and the graph of the demand function intersect. We can solve problems of this type

either algebraically or graphically. A
emank = sagR\A

Example 6: Suppose that a company has determined that the demand equation for its product is
5x +3p—30=0 where p is the price of the product in dollars when x of the product are
demanded (X is given in thousands). The supply equation is given by 52x—-30p +45=0, where

X is the number of units that the company will make available in the marketplace at p dollars per
unit. Find the equilibrium quantity and price.
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Example 7:\The quantity demanded of a certain electronic device is 8000 units when the price

is $260. At aunit price of $200, demand increases to 10,000 units.\{The manufacturer will not
market any of the device at a price of $100 or less. However for eaciT$50 increase in price
above $100, the manufacturer will market an additional 1000 units:.QAssume that both the supply
equation and the demand equation are linear. Find the supply equation, the demand equation and

the equilibrium quantity and price. _
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POPPER 6, question 7: Which of these is the supply equation?
A. s(x)=-0.05x+100 B. s(x)=0.05x-100
@s(x):0.05x+100 D. s(x)=-0.05x-100
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Lesson 9: Marginal Analysis

Sometimes, we are interested in seeing what happens when very small changes are made to the
quantities we are studying. This topic is called marginal analysis.

We will be looking to see how one quantity — such as cost, revenue or profit — changes when
there is a very small change to another quantity — such as the number of items produced and sold.

Earlier in the semester, we saw that f '(x) = Ll gives the exact value for the

)= (0
0 h

derivative of a function. Now suppose our value for h is a very small number (such as 1); then

f(x+hg—f(x). So,ifx=100andh=1,

. Simplifying, we have f'(100)~ f (101)— f (100). To find the

we can state that f '(x) =

f '(100) ~

f (100+1) — f (100)
1

value of the function for the 101% item, we can do a lot of arithmetic, or we can just use the
derivative. Let’s take a look at an example:

Marginal Cost

Sometimes the business owner will want to know how much it costs to produce one more unit of
this product. The cost of producing this additional item is called the marginal cost.

Example 1. Suppose the total cost in dollars per week by ABC Corporation for producing its
best-selling product is given by C(x) =10,000+3000x —0.4x>. Find the actual cost of
producing the 101% item.
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» C(x) = 10000 + 3000 x — 0.4 x2 ) o
Number 24 \61
CLrovD0 a=308919.6

¢ L =0 o b = 306000
Cclisn— cCiod) €=2919.6

C(101) -C(100) C(x+h)—C(x)
101-100  (x+h)—x

Caroc>

Note that where x =100 and h = 1.




Example 2: Suppose the total cost in dollars per week by ABC Corporation for producing its
best-selling product is given by C(x) =10,000 +3000x —0.4x*. Find C'(100) and interpret the
results.

C'lico) =Zz2.43-0
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Note that our results in example 1 and our results in example 2 are extremely close. But the
computation using the derivative is usually much simpler and more efficient. For this reason, we
will use the derivative to approximate the actual cost of producing the next item. We call the
derivative of the cost function the marginal cost function, and we will use C'(x) to approximate

the actual cost of producing the (x+1)" item. derivative

Example 3: A company produces noise-canceling headphones. Management of the company
has determined that the total daily cost of producing x headsets can be modeled by the function

C(x) =0.0001x* — 0.03x* +135x + 15,000 .
(A) Find the marginal cost function. c' L-.Q

C'L) = O.0DOBE —O. Ol 'S

(B) Use the marginal cost function to approximate the actual cost of producing the 25™
headset.

C'CaaH=\z3.7™ 5
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Marginal Revenue RD=x¢

Similarly, we can study the effect of a small change in the number of sales (i.e., 1) on the
revenues of a company. We will use the derivative. of the revenue function-to-as-an

st

approximation of the actual-revenues realized on the sale of the (x +1) item. We’ll call this
derivative the marginal revenue function.

Example 5: A company estimates that the demand for its product can be expressed as
p =—.04x +800, where p denotes the unit price and x denotes the quantity demanded.

(A) Find the revenue function. RS = w9

. AeyiNotte .
(B) Then find the maerﬁir?acihrevenue function. ‘?\‘ L:cb
V(D= —.0%% +<po00

(C) Use the marhginal revenue function to approximate the actual revenue realized on the sale
t -
of the 4007™ item. Bl CusolS =479 . s

(F e

Example 6: The table below gives pricing information about a company’s product.

X 200 | 400 | 600 | 800 | 1000

Price when x items are demanded (in dollars) | 525 | 505 | 491 | 484 | 475

(A) Create a list of points and then find the linear demand function.

Ademomd =D e = — 0. DLTS k- N+ 22 . 3

(B) Find the revenue function.

R(= e == (-0 OLOSK ¥SZL-3)

(C) Use the marginal revenue function to approximate the actual revenue realized on the sale of
the 1101% item.
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POPPER 6, problem 8

Suppose you want to use the marginal revenue function to approximate the actual revenue
received on the sale of the 2006™ item. Which of these would you use to compute this revenue?

A. R(2006) B. R'(2006) C. R(2005) D. R’(2005)

Marginal Profit

The next function of interest is the profit function. As before, we will find the marginal function
by taking the derivative of the function, so the marginal profit function is the derivative of
P(x). This will give us a good approximation of the profit realized on the sale of the (x + 1)*

unit of the product.

Example 6: A company estimates that the cost to produce x of its products is given by the
function C(x)=100x+ 200,000 and the demand function is given by p =400-0.02x. —

(A) Find the profit function. R (o= R D - CLD
Rla= wp =¥ (Ho0-0.0%0s

Pl = «wlwoo—0.0x) — Cmox_q-—:)_booooj

(B) Use the m%gﬁﬁﬁ?brofit function to compute the actual profit realized on the sale of the
1001% unit and the 2001*" unit.
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Example 7: A company estimates that the cost in dollars to produce x of its products is given
by the function C(x)=0.000003x*—0.08x* +500x +250000. The weekly demand for the

product is p =600-0.8x, where p gives the wholesale unit price in dollars and x denotes the
quantity demanded.

(A) Find the profit function.  (, 0 = € (- (D

(B) Find the marginal profit function.

P e

(C)d Use the marginal profit function to approximate the actual profit realized on the sale of the
53 item.

P (sD

Example 8: The tables below give the costs associated with the production of x items and the
pricing information with x items are demanded. Assume that the cost data is exponential and the
demand data is linear.

x 200 400 600 800 1000
Cost in dollars of producing x items |134.350 145,480 157,750 {173.400 |185.000

x 200 400 600|800 /1000
Price when x items are demanded (525|505 491 |484 475

(A) Find the exponential cost function.

&. ODOH~
Clx<)= (2%2.0Lode

(B) Find the linear demand function.

P —_ _'D-O(.OOS&L'PS%‘J--B

(C) Find the revenue function.
P(D= x (—0.00LOSK +5322.%)



(D) Find the profit function. - p(x) = x (—0.0605 x + 532.3) — 123826.0604 00

F(n =

(E) Use the marginal profit function to approximate the actual profit realized on the sale of the
651 item.

P (LsD) = =%1.%S -
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Average Cost and Marglngle[&verage Cost Clw C C;_

Suppose C(x) is the total cost function for producing x units of a certain product. If we divide

this function by the number of units produced, x, we get the average cost function. We denote
this function by C(x). Then we can express the average cost function as C(x) = w The
X

derivative of the average cost function is called the marginal average cost.

Z'(x)
We will use the marginal average cost function solely to determine if the average cost is
increasing or if it is decreasing.

If C'(a) >0, then the average cost function is increasing when x =a.
If C'(a) <0, then the average cost function is decreasing when x =a.

Example 8: A company produces office furniture. Its management estimates that the total
annual cost for producing x of its top selling executive desks is given by the function
C(x) = 400x +500,000.

(A) Find the average cost function.

C(xH)= HOOK +SDOOOD O =T () g

= Ga®

(B) What is the average cost of producing 3000 desks?
C (C3>000) = 5LGL.GTT T wnearr B(zecod

(C) Find the marginal average cost function.

T’'(H = —s0000D TAGa®
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(D) Find the marginal average cost when 3000 desks are produced. Is the function
increasing or decreasing at this production/sales level?

C'(2rqad = —0.0856
a {Aaavcma‘lwsj
. _ LD o+ SD2WOD
(E) What happens to C(x) when x is very large? lima CLA = um — =
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POPPER 6, problem 9:

Suppose E'(x) is negative when x = 500. What does this tell you?
C ist+the avevage

A._average cost is increasing when 500 units are made o™ S oumetiTe .o -
erage cost is decreasing when 500 units are made

C. cost is decreasing when 500 units are made

D. cost is increasing when 500 units are made

Marginal Propensity to Consume/Save

The marginal propensity to consume is the increase (or decrease) in consumption that an
economy experiences when income increases (or decreases). The marginal propensity to
consume is a measure of what consumers will do when they have additional income. Suppose
the marginal propensity to consume is 0.75. Then for every dollar of increase in income,
consumers will spend 75 cents and save 25 cents.

The marginal propensity to consume is the derivative of a consumption function C(x) with

i i dC Ry
respect to income and is denoted o] et
X

The flip side of the marginal propensity to consume is the marginal propensity to save. Consider
that there are only two possibilities with respect to the additional income — the consumer can
either save it or spend it. We can express a propensity to save function as S(x) where x

represents income. Then S(x) =x—C(X). o _ g Sy el =1

Take the derivative of both sides of the equation S(x) = x—C(x), so 3—8 =1—(:|j—C . Once you
X X

know the propensity to consume, you can find the propensity to save, and vice versa.



Example 9: Suppose thnction for a country’s economy can be modeled by

C(x) =0.749x"" +34.759, where C(x) and x are both measured i§ billions of dollars. JFind the
Z\A) it 2 it
marginal propensity to consume and the marginal propensity to save when x=7.

o= =T OOD OO0 OOD
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Note that x =7 in this problem represents $7,000,000,000. If we substitute 6 instead of 7 into the
derivative, we are actually subtracting $1 billion. The difference between the final answer using
$7,000,000,000 and using $6,999,999,999 is negligible, so in the case of marginal propensity to
save/consume, we do not reduce the number of interest by 1.

POPPER 6, problem 10: If the marginal propensity to save is 0.85, what is the marginal
propensity to consume?

A. 0.85 B. 0.15
C. 0.75 D. 0.25
E. can’t be answered with given information



Math 1314
Lesson 10: Elasticity of Demand

Suppose you owned a small business and needed to make some decisions about the pricing of
your products. It would be helpful to know what effect a small change in price would have on
the demand for your product. If a price change will have no real change on demand for the
product, it might make good sense to raise the price. However, if a price increase will cause a
big drop in demand, then it may not be a good idea to raise prices.

There is a measure of the responsiveness of demand for an object to a change in its price:
elasticity of demand. This is defined as

percentage change in demand
percentage change in price

To develop this formula, we’ll start by solving our demand function for x, so that we have a
function x= f(p). Then we have a demand function in terms of price. If we increase the price

by h dollars, then the price is p+h and the quantity demanded is f(p+h).

f(p+h)-f(p)

(0) and the percentage change in price is
p

The percentage change in demand is 100-

100-2.

P

f(p)

1OO-H

P

If we compute the ratio given above, we have

We can simplify this to

p [f(p+h)—f(p)]
f(p) h

f(p+h)-f(p)
h

For small values of h, ~ f'(p), so we have

This quantity is almost always negative, and it is easier to work with a positive value, so we
define the negative of this ratio to be the elasticity of demand.

Then

p-f'(p)

E = \F/
(p) )

differentiable when x=p.

, Where pis price in dollars, f(p) is the demand functionand f (p) is



Revenue responds to elasticity in the following manner:

If demand is elastic at p, then
e Anincrease in unit price will cause revenue to decrease or
e A decrease in unit price will cause revenue to increase

If demand is unitary at p, then
e Anincrease in unit price will cause the revenue to stay about the same.

If demand is inelastic at p, then
e Anincrease in the unit price will cause revenue to increase
e A decrease in unit price will case revenue to decrease.

We have these generalizations about elasticity of demand:

Demand is said to be elastic if E(p) >1.
Demand is said to be unitary if E(p) =1.
Demand is said to be inelastic if E(p) <1.

So, if demand is elastic, then the change in revenue and the change in price will move in
opposite directions.

If demand is inelastic, then the change in revenue and the change in price will move in the
same direction.

Example 1: Find E(p) for the demand function x+2p—15=0 and determine if demand is
elastic, inelastic, or unitary when p=4.



Example 2: Suppose the demand function for a product is given by p =-0.02x+400. This
function gives the unit price in dollars when x units are demanded.

(A) Find the elasticity of demand.

(B) Find E(100) and interpret the results. If the unit price is $100, will raising the price
result in an increase in revenues or a decrease in revenues?

(C) Find E(300) and interpret the results. If the unit price is $300, will raising the price
result in an increase in revenues or a decrease in revenues?



What else can E(p) tell you?

Example 4: If E(p) :% when p =250, what effect will a 1% increase in price have on

revenue?

Example 5: If E(p) :g when p =250, what effect will a 1% increase in price have on

revenue?



