CHAPTER 1 A Review of Functions

Section 1.2: Functions and Graphs

» Graphing a Function
» Additional Properties of Functions and Their Graphs

Graphing a Function
Definition:

The graph of afunction f 15 the set of all points [x,y:l in the coordinate plane

where the x-coordinates are elements of the demain of 7 and where the corresponding

v-coordinates are given by y = f{x)

For afunction y = f{x), exactly one y-value can be assigned to a given x-value.
This means that a vertical line can intersect the graph of a function at most once.
This provides atest for determining whether or not a curve in the xy-plane 1sthe

craph of afunction.

The Vertical Line Test:

A curve in the x-plane 12 the graph of a function if and only if ne vertical line

intersects the curve more than once.

For the figure shown below, using the Vertical Line Test, we see that the curve

in part (a) does not represent a funct on while the curve in part (b)) does represent

afunction.
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SECTION 1.2 Functions and Graphs

47 The vertical line intersects
1 |the graph more than once.  §A
e

2 2
44
{a)  Ewvery vertical line intersects (h)
the graph at most otice.
Example:

=letch the graph of the function f{x) = «‘E

Solution:
The function /15 not defined for those values of x that are negatiwve. Thus, the domain of
the function is{x| T= U} . The domain in interval notation is [D,m] . To graph the function,

make a table of values.

x 7 G
0 sm=~f0=01[0,0)
o rm=+1=1 | (L1

2l f@=v2 | (247)
3| F3=A3 (3.453)
A f=Va=2(4.2)
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CHAPTER 1 A Review of Functions

The graph 1z shown in the figure below.

oy 1 2 3 48

Example:
Slketch the oraph of the function F(x) = x+1.

Solution:
The function 7 iz defined for all walues of x. The domain of Fiz the set of real numbers.
The dotnain in interval notation is [—m,mj_ The graph 15 a parabola. To graph the

function, make a table of values.

x Jix) (x, f ()
=2 | f-2)= (-2 +1=4+1=5 | |
1] s-D==12+1=1+1=2 ||
O | Fl=0°+1=0+1=1 (0,1)
(
(

T rm=1?+1=141=2
2 | F=2241=441=5
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SECTION 1.2 Functions and Graphs

The graph 15 shown in the figure below.

Example:

2 if x=-1

2

=letch the graph of the function F(x) = .
b x=-1

Solution:

Forx=-1, the graph coincides with the horizontal linev=2. Ferx»-1, the graph
2

coincides with the graph of the parabola y=x

The graph 15 shown in the figure below. The open dot at (—1,1) indicates that this point 1z
excluded from the graph

4] 2.4

(—1,1) \: (1.1
) (0, 0
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CHAPTER 1 A Review of Functions

Additional Example 1:

State whether or not each of the following eraphs represents a function.
¥ ¥
A A

P N
- > x 7 > x

(a) (h)

Solution:

Part (a):
Tze the Vertical Line Test for the graph in part (a).

Y
A

D
BN

The first graph does not represent a function since we can find a vertical line

== X

o

that intersects the graph more than once.

Part (b):
Tse the Vertical Line Test for the graph in part {b).
F
A

A -

T\W]
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SECTION 1.2 Functions and Graphs

It 1z easy to see (from the 4 example lines shown) that every vertical line mtersects
the graph at most once. The second graph represents a function.

Additional Example 2:

The graph of ¥ = F(x) 1z shown below. (a) Find the domain of /. (b) Find the
range of /. (&) Findthe following function values: F{-3); F (=D, F {0, A1,
(d) For what value(s) of x 13 f(x)=-27

-

Z

Kﬁﬂ.— ]
=3
_Ié.

12

\

Solution:

Part (a):

Determine the domain by inspecting the graph.

-
Z

]

\

-
s

The domain in interval notation 15 [—3,3].
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CHAPTER 1 A Review of Functions

Part (h):

Determine the range by inspecting the graph.

A

\

-
=

The range in interval notation 1s [—2, 1].

Part (c):

Label the points on the graph that have first coordinates of — 32, -1, 0, and 1.

| T

| |

| (1.1 (LT

I 1

y:’ RO
(13,1 ) \

Find the functon values /(=3 F(-11, #{0), and (1) by selecting the second

coordinates of the points labeled on the graph:

J=3=-1
J=h=1
Jl0=0
Fi=1

30

University of Houston Department of Mathematics



SECTION 1.2 Functions and Graphs

Part (d):

Label the points on the graph that have a second coordinate of — 2.

A

\

(3 -2

“—“—Q._ -
| o )
]
.
kN
e
Ll

i
]

The walue of x for which Fi{x)=-2 1z found by selecting the first coordinate
of the point labeled on the graph:

x=3

Additional Example 3:
=tate the domain of the function F{x) = |x |+ 2 in interval notation and then sketch
the graph of the function,

Solution:

For each real number x, | x |+2 15 areal number. Thus, the doman 1n interval

notation is [—m, m).

T sketch the graph, make a table of values.

x F ) (x (2}
-2 | f=2=|-2|+2=2+2=4 | [-24)
1| f=D=|-1]+2=1+2=3 | (-13)
0 | fi=|o+2=0+2=2 (0,2)

1| F=|1+2=1+2=3 (13)

2 | f@=|2+2=2+2=4 (2,4)
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CHAPTER 1 A Review of Functions

Flot the points found in the table.

i
45
2,41 4 e (2,4)
345
i-1,3)e a 81,3y
25

2%0,2)

Plot additional points, if necessary, to sketch the graph.

A 5

\“\ 45 //
-2, 43“1 4 A2,4)
“‘\\\ 15
(—1,3}“\ 3 A(1,3)
“25 Ve
> 0,2)

Additional Example 4:
State the domain of the function F{x) = —x% +2 in interval notation and then
sketch the graph of the function.

Solution:

For each real number x, — x +2 is areal number. Thus, the domain in interval

notati on 15 [—m, 0::).

To sketch the graph, make a table of values.
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x J(x) (x. J (X))
2| fl-2=—(-2* +2=-4+2=-2 | [-2,-2)
1| f-D=—(-D%+2=-1+2=1 | [-11)
O Sm=-(0+2=2 [0.2)
Vo s=-m2+2=-1+2=1 (11)
2 | f=—(2* +2=-4+2==-2 | [2.-2]
Plot the points found 1n the table.
3
o
-1,1)e 11 e(l,1)
= 2 ! ! 2 3
i}
14
(2,2 2 ® (2,
.3-
4
59
.E-
7

Plot additional points, if necessary, to sketch the graph.

0.2
-~ -%‘-\_\-,"-\.
(LD 1 Y
g 2 A 1~ 2 3
I:I I'\\.I
, -1
(2,-2) 8 2 w (2,-2)
.r-r '3' '
'I' 1N
.-'-r -4 .l"
lll I'\
f ® 1‘
/ -G 4
/ h
J 74 .

Additional Example 5:

SECTION 1.2 Functions and Graphs

state the domain of the function F (2= ~fx+ 2 in interval notation and then

skeetch the graph of the fiunction.
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CHAPTER 1 A Review of Functions

Solution:

of fx+2 to be areal number, x+2 cannot be negative. Solve the inequality
x4+ 22 0tofind the domain of f

x+22=0
x+2-220-2
T2 =2

The domain in interval notati on 13 [—2,0:::].

To sketch the graph, malke atable of walues.

x /@ (x,/(x)
—2 | f==Af2+2=:f0=0| (-2,0)
Sl JEeh=V1r2=41=1 | (-1])
0 | sO=A0+2=42 (0.42)
(
(

Ul fmy=1+2=43 ~3)
2 | f=A2+2=4f4=2 2,2)

1

Plot the points found in the table.

3
25
2 * @2
*avDh
0,V2)
( 1:1). 1
0.5
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SECTION 1.2 Functions and Graphs

Plot additional points, if necessary, to sketch the graph.

33
257

Additional Example 6:
sketch the graph of the piecewise-defined function 7 given by

0 3 if x =0
x)= :
2+l if x=20
Solution:
Forx <0, the graph of F coincides with the honzontal line y =3
Lk
47
.
21
13
2 A0 T2
917
41
3¢ (0,3)
21
1
2 x=0 o 2
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CHAPTER 1 A Review of Functions

Forx =0, the graph of f coincides with the parabolay = 2 +1,

-2 1
Sketch the graph.
2 A
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SECTION 1.2 Functions and Graphs

Additional Properties of Functions and Their Graphs

An x-intercept of the Graph of a Function:

An x4ntercept of the graph of afunction y = f(x) 15 the first coordinate of a

point where the graph intersects the x-azis.
The graph of afunction iz shown below.

rla
F10

5
-4 3 2 \| 3
(-3 0 UoamzLm

=20
There are three x-intercepts: —3,1, and 2.

The y-intercept of the Graph of a Function:

The v-ntercept of the graph of a function ¥ = f(x) 15 the second coordinate of a
point where the graph intersects the y-asis.

The graph of a function 15 shown below.

The y-nterceptis 2.
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CHAPTER 1 A Review of Functions

Finding the Intercepts of the Graph of a Function:

To find the x4ntercepts of the graph of a function vy = F(x), set vy =0 into the

equation and solve for x; that is, solve the equation fi{z)=0.

Tofind the y4antercept of the graph, find 7{0).

Example:

Find the intercepts of the graph of the function fix)=4-x*.

Solution:

Tofind the xantercepts, solve the equation F{x) =0 for x

S(x)=0
4-x4=0
4 = x*

iu'q:x

=x

The x-intercepts are 2 and — 2

To find the v4antercept, find F(0).

Flay=4-x°

F()=4-0°
=4-0
=4

The yanterceptis 4.

The graph 15 shown below.

38
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SECTION 1.2 Functions and Graphs
Increasing/Decreasing Functions:
Letd be an interval of the following form: [—m,m) or (—m,b) or I:a:,mjl or I:a:,f:':l.

Afunction 7 1s satd to be increasing on £ if functional values 7{x) increase as x

increases on the interval 7. In this case, the graph of 7 rises as x increases on the
interval /.

Afunction f 15 sard to be decreasing on £ if functional values f{x) decrease as x

increases on the interval /. In this case, the graph of f falls as x increases on the
interval [,

The function 15 increasing on the intervals [—m, IZI) and (1,0::). Hote that the graph

of 15 rising on these intervals.

The function 15 decreasing on the interval (D,l). Iote that the graph of 7 12 falling

on this interval.

Maximum/Minimum Values of a Function:

A function f 15 satd to have a maximum at a number ¢ 1n tts domain if 7z = F(2)
for all x in the domain of F/. The number #{z) 15 called the mazimum value of §.
If afunction f has a maximum value, then the graph of 7 has a highest point. The

second coordinate of a highest peint 15 the maximum value.
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CHAPTER 1 A Review of Functions

A function 13 sard to have a minimum at a number ¢ 1n itz domain if 72 = iz
for all x in the domain of 7 The number 72} 15 called the minirmum value of 7.
If afunction f has a minimum value, then the graph of  has a lowest poant. The

secotid coordinate of alowest pointis the minimum value.

(0, 3)

(L 1)

45 4 as U o

The function f whose graph 13 shown above has domain [—3f2,1] and range [1, 3].

The function has both a mazimum value and a minimum value.

Iote that /{2 = F(00 =3 for all x 1n the interwal [— 3f2, 1]. The highest point on
the graph 1 the point [D, 3:1. The mamimum value of F 1z 2= F(0

Note also that f (x)2 7 (1) = 1for all x in the interval [—3/2,1]. The lowest point
on the graph 1s the point [1,1). The minimum value of # 15 1= /(1)

Even/Odd Functions:

Afunction F 13 even if f{—x) = f(x) for al x in the domain of f/ The graph of

an even function 15 symmetric with respect to the y-amis. This means that the point

(—a,f{a)) 1z on the graph of the function whenewver the point (cx,f{a}) iz on the
graph.
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SECTION 1.2 Functions and Graphs

Atunction 15 oddaf Fi{—x) =—7(x) for all x1in the domain of . The graph of

an odd function 15 symmetric with respect to the ongin. This means that the point

[—cx, —f{a):l 15 on the graph of the funct on whenever the point [a, f{a)) 15 on the
craph.

The graph shown below 13 the graph of an even function.

Ji=x)=F(x)
27

The graph shown below 13 the graph of an odd function.

Sl=x)=—Fix)
Ly
] [x,/(x)]
|:|.5'_
2 1 ] 1 2
(<5 f-0) /0
4]
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CHAPTER 1 A Review of Functions

Example:

Determine whether the function f{x) = iz iz even, odd, or neither. If the
x

function 13 even or odd, use symmetry to sketch its graph.

Solution:
1

sen=—=Ltosm

(- X:II! IE

since f(—x)= F(x), the function 7 13 even

The domain of the function 15(—e, 0 (0 w). Begin by making a table of values by

choosing values of x for which x = 0

. J &) (x.7(2)
1 1 1
)y )
|
1 f@:%:l (11)
1 1 1
2 f(23'=2—2= 1 [22]

Plot the points shown in the table and plot additional points, if necessary, to show the

pottion of the graph for x = 0.

42
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SECTION 1.2 Functions and Graphs

Tze symmetry to find other points on the graph Since the function 15 even, its graph 1s
symmetric with respect to the y-axis.

mlketch the graph

Additional Example 1:

Find the intercepts of the graph of the function #(x)= %;{+%.

Solution:
To find the xantercepts, solve the equation /{x) =0 for x

Jlx=0
4 B
—x+—==1
5 3
4 8 B 8
—x+———==0—=
5 5 5 5
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CHAPTER 1 A Review of Functions

de=-8

5 5
423

r=-2

To find the y-ntercept, find /{0

f(xj=%x+%

4 8
f‘([:']'=§'0+§

. . . . 8
The x4ntercept 15 — 2 and the yntercept 13 - The graph of the function is

a line.

Additional Example 2:
Find the intercepts of the graph of the function F{x)= —%x— %
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SECTION 1.2 Functions and Graphs

Solution:
To find the xantercepts, solve the equation F{x) =0 for x

J(x)=0
] It

3 C R 3

2 11

— =

3 3
22,2l
2z 2p

11

r=——

2

Tofind the yantercept, find #(0).

2 11
f':x:'——gx—?
2 11
N=-=0-—
J)==3-0-3
_o-4
3
__ 1
3

The x-interceptis —1—; and the y-interceptis —1—31_ The graph of the function
a line.

al
S o !
(-11/2, ) U
r-1
-2
r-3
(0, =113
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Additional Example 3:
Find the intercepts of the graph of the function fix) = X —3x% +2x

Solution:

To find the x4ntercepts, solve the equation /{z) =0 for x
Jix)=0
-3t 42x=0
x| =3x42)=0
xx-Tix—21=0

x=10 or x—=1=10 or x—2=10
x—14+1=0+1 x—2+2=042
.x=]. .x=2

Tofind the y-intercept, find F (0.

Fix) =2 —3x4 +2x
F0y =07 —3(0¢ + 2000 = 0

The x4ntercepts are 0, 1, and 2. The y4antercept 15 0.

The graph 15 shown below.

(L0) (2,0)
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SECTION 1.2 Functions and Graphs

Additional Example 4:

Forthe function f whose graph 15 shown above, answer the following questions.
{a) On what interval{s) 15 f increasing? (b)) On what interval{s) 15 f decreasing?

{c) Doesthe function have amamimum value? If so, what 15 the masimum value?

(d) Doesthe function have a minimum value? If so, what 15 the minimum value?

(1,4

“ y=f\

Solution:
{a) The function f iz increasing on at interval where the graph 1z rising. Inspect the

craph to find interval s of increase.

The function 12 increasing on the interval (D,l).

(b1 The function §F 1z decreasing on an interval where the graph is falling. Inspect the

graph to find interval s of decrease.

The function is decreasing on the intervals [-2,0) and [1,00).

(c) The function  has a maximum value if the graph has a highest point. Inspect the

eraph to determine if the function has a masimum value.

The point (1,4:] 13 the highest point on the graph of #. Thus, the function has a

maximum value. The maximum value of the function 12 4 = F(1).

{dy Thefunction f has a minimum value 1f the graph has a lowest point. Inspect the

graph to determine 1f the function has a minimum value.

The graph of 7 does not have alowest point. Thus, the function does not have a

minimum value.

MATH 1330 Precalculus
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Additional Example 5:
Determine whether the function F(x) = 3t —2x 45 is even, odd, of neither.

Solution:

substitute — x for x

Fx)=3x% = 228 45

Flex =30 - 20— 45
=3x - 2x% 45
= Jix).

IFfor each x 1in the domain of f, F{—x) = F{x), then ' 1z an even function. Thus,

the given function 15 even.

Additional Example 6:
Determine whether the function /{2 = 102 —2xis even, odd, or neither.

Solution:
Substitute — x for x.

Fix=10x —2x
f=x)=10(-=x)" - 2(~x)
=m[—x5]+2x
=102 +2x
= -[104" - 2z
= /(2

Iforeach x1n the domain of f, F{—2x) =—7F(x), theny 15 an odd function. Thus,

the given function 15 odd

Additional Example 7:
Fiven that the function /15 odd and {2,-5) 15 a poant on the graph of 7, find
another point on the graph.
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Solution:
Since we are given that (2,—3) 12 a point on the graph of 7, 215 in the domain of

Fand F{2)=-5
For an odd function §, for each xin the domain of /, —x 15 also in the domain

and f{—x)=—F(x) Since 21z1n the doman of f, 5015 — 2 and
Fi-di=-Ffd=-(-5)=12

Another point on the graph of # 12 the point (-2, 3).
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Exercise Set 1.2: Functions and Graphs

Determine whether or not each of the following graphs
represents a function.

1. y
2. \ oy /
3. y
For each set of points,
(a) Graph the set of points.
’ (b) Determine whether or not the set of points
represents a function. Justify your answer.
4. L 11. {(11 5)1 (2a 4)1 (_3a 4)1 (21 _l)! (3! 6)}
x 12. {(-3,2), (1, 2), (0,-3), (2.1), (-2, 1)}
S
> % Answer the following.
; 13. Analyze the coordinates in each of the sets
; : above. Describe a method of determining
whether or not the set of points represents a
function without graphing the points.
6. y
K 14. Determine whether or not each set of points
represents a function without graphing the
x points. Justify each answer.
\ (@ {(-7.3, G-7), 0.5 6D, (2.1}
7 , (b) {(6,3), (-4,3), (2,3), (-3,3), (5,3)}

. T (C) {(31 6)1 (31 _4)1 (3’ 2)! (31 _3)! (3! 5)}
7;" (d) {(_2! _5)! (_51 2)! (21 5)! (51 _2)! (51 2)}
- P

8. y
Continued on the next page...
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Exercise Set 1.2:

Functions and Graphs

Answer the following.

15. The graph of y= f(x) is shown below.

ZS
101Y f
8
6

4

-6

(@)
(b)

(©)
(d)

(€)
(f)

()]
(h)

»
pr ) \/ 2 4 6 §
=2

—4;

Find the domain of the function. Write your
answer in interval notation.

Find the range of the function. Write your
answer in interval notation.

Find the y-intercept(s) of the function.

Find the following function values:
f(=2); £(0); f(4); f(6)

For what value(s) of xis f(x)=97?

On what interval(s) is f increasing?
On what interval(s) is f decreasing?
What is the maximum value of the function?

What is the minimum value of the function?

16. The graph of y=g(x) is shown below.

»

Y

[ s

(@)

/i

4\/5

Find the domain of the function. Write your
answer in interval notation.

(b) Find the range of the function. Write your

answer in interval notation.

MATH 1330 Precalculus

17.

(©)
(d)

()
(f
(9)
(h)
(i)

Find the y-intercept(s) of the function.

Find the following function values:
9(-2); 9(0); 9@); 9(3); 9(6)

For what value(s) of x is g(x) =-27?

On what interval(s) is g increasing?
On what interval(s) is g decreasing?
What is the maximum value of the function?

What is the minimum value of the function?

The graph of y=g(x) is shown below.

-

Y
6

F'S

(@)
(b)
(©)

(d)
(€)

(f
(¢))

—4
Find the domain of the function. Write your

answer in interval notation.

Find the range of the function. Write your
answer in interval notation.

How many x-intercept(s) does the function
have?

Find the following function values:
9(-2); 9(0); 9(2); 9(4); 9(6)

Which is greater, g(-2) or g(3)?
On what interval(s) is g increasing?

On what interval(s) is g decreasing?

Continued on the next page...
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Exercise Set 1.2: Functions and Graphs

18. The graph of y = f(x) is shown below. 25. f(x)=+/x-3
AL}/
O~ 26. f(x)=+5-x

f
4\ 27. F(x)=x%-4x

/ 2 / 28. G(x)=(x-3)2+1
4 A 1 1 29. f()=x"+1
/ 2 30. f(x)=x*-16

L 2ol

3L g(x)= 2
(a) Find the domain of the function. Write your - 9= X
answer in interval notation.
(b) Find the range of the function. Write your 32. h(x) __8
answer in interval notation. X
(c) Find the x-intercept(s) of the function.
(d) Find the following function values: For each of the following piecewise-defined functions:
(3 f(=2); T f@; f(4 (a) State the domain of the function. Write your

answer in interval notation.
(b) Find the y-intercept of the function.
() On what interval(s) is f increasing? (c) Choose x-values corresponding to the domain

(g) On what interval(s) is f decreasing? of the function, calculate the corresponding y-
values, plot the points, and draw the graph of

the function.

(e) Which is smaller, f(0) or f(3)?

For each of the following functions:

(c) State th_e d_omain of the function. Write your 3B 100= 2x+4, if —2<x<1
answer in interval notation. : T1ox+3 if 1<x<5

(d) Find the intercepts of the function.

(e) Choose x-values corresponding to the domain
of the function, calculate the corresponding y- 34, f(x)=
values, plot the points, and draw the graph of
the function.

ix+2 if -3<x<0

—4x+3,if x>0

35, f(x)=
19. f(x)=-3x+6

21. h(x)=3x-5, —1<x<3

37. f(x)=
22. h(x)=-2x, —3<x<2

23. g(x)=|x-3
909 =|x=3] 38. f(x)=

20. f(x)=2x-4 36, f(x):{—4, if —5<
) X<

24. g(x)=|x|-4
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X, if x<-3
39. f(x)={x% if —3<x<2
4, ifF x>2

x2—5, if x<0
40. f(x)=41, if 0<x<3
2-x, if x>3

Answer the following.

41. (a) If a function is odd, then it is symmetric
with respect to the
(x-axis, y-axis, or origin?)

(b) If afunction is even, then it is symmetric
with respect to the
(x-axis, y-axis, or origin?)

42. (a) If a function is symmetric with respect to the
y-axis, then the function is
(Odd, even, both, or neither?)

(b) If a function is symmetric with respect to the
origin, then the function is
(Odd, even, both or neither?)

43. Suppose that y= f(x) is an odd function and that
(-3,6) is a point on the graph of f. Find another
point on the graph.

44. Suppose that y= f(x) is an even function and
that (2,-7) is a point on the graph of f. Find
another point on the graph.

Determine whether each of the following functions is
even, odd, both or neither.

45. f(x)=x3-5x
46. f(x)=x%+3x
47. f(x)=x*+2x2
48. f(x)=x>+2x3
49. f(x)=2x3+x2-5x+1

50. f(x)=3x° +£2
X
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