Math 1314
Applications of the First Derivative

Deter mining the I ntervals on Which a Function isIncreasing or Decreasing
From the Graph of f

Definition: A function isincreasing on an intervald, b) if, for any two numbers, and x, in (a, b),
f(x) < f(x,), wheneverx, <x,. A function isdecreasing on an intervald, b) if, for any two
numbersx, and x, in (@, b), f(x) > f(x,) , wheneverx, <x,.

Example 1: You are given the graph f{k). State the interval(s) on whiélis increasing and the
interval(s) on whicH is decreasing.

Example 2: You are given the graph f{k). State the interval(s) on whi¢lis increasing and the
interval(s) on whicli is decreasing.




The rate of change of a function at a point is gilbg the derivative of the function at that poisto
we can use the derivative to determine where atifumcs increasing and where a function is
decreasing.

At a point wherethe derivativeis positive, a function isincreasing.

At a point wherethe derivativeis negative, a function is decreasing.

Example 3. Let’s look at the slopes of some lines thattargent to this graph at various points:
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Deter mining the I ntervals on Which a Function isIncreasing or Decreasing
By Finding the Derivative and Analyzing its Sign

We can also determine where a function is incrggaimd where it is decreasing algebraically. Here’s
how:

Find the derivative of the function.

Determine all values affor which f'(x) =0 or is undefined.

Use the values found in step 2 to divide th@lper line into open intervals.
Choose a test valug,in each open interval.

Substitute each test valug,into the derivative to determine the signfofc . )

Apply the following theorem:
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Theorem:

(@) If f'(x) > Ofor each value ok in an interval 4, b), thenf is increasing ona, b).
(b) If f'(x) <Ofor each value ok in an interval &, b), thenf is decreasing ora( b).

(c) If f'(x) =0 for each value ot in an interval 4, b), thenf is constant ong b).



Example 4: Determine the interval(s) whefés increasing and the interval(s) whére decreasing if
f(x)=x*-8x*+4.



Example5: Determine the interval(s) whefés increasing and the interval(s) whére decreasing if
f(X) = xe*.



Example 6: Determine the interval(s) whefés increasing and the interval(s) whére decreasing if
f(x) =In(x—-23).



Finding Relative Extrema

The first derivative can also help up find theoordinate(s) of any high points or low points ba t
graph. This will allow us to find thecoordinates of the “humps” in the graphs. Oncdinctthex
coordinate of any high or low points, we can subwithat number into the original function to find
they coordinate of the high or low point.

These high points and/or low points are cafledtive extrema of a function. An extremum is called
arelative (local) maximum if it is higher than the points located nearbyn étremum is called a
relative (local) minimum if it is lower than the points located nearby.

Definition: A functionf has a elative maximum at x = cif there exists an open intervéﬂ, b)
containingc such thatf (x) < f (c jor all xin (a, b). A functionf has arelative minimum at x = cif
there exists an open interv(aal, b) containingc such thatf (x) = f(c jor all x in (a, b).

To find the relative extrema, we must first fine tmitical number s of the function.

Definition: A critical number of a functionf is any numbex in the domain of such that
f'(x) =0or f'(x)does not exist.

Once we find the critical numbers, we can useatist to determine whether the critical numbert
gives us a maximum, a minimum or neither.

TheFirst Derivative Test
To find the relative extrema of a function,

1. Determine the critical numbersfof
2. Determine the sign @f(x) to the left and to the right of each critical rioen.
(a) iff'(x) changes sign from positive to negative as we naavess a critical number
x = cfrom left to right, thenf (c s a relative maximum.
(b) iff'(x) changes sign from negative to positive as we namvess a critical number
x = cfrom left to right, thenf (c s a relative minimum.
(c) iff'(x) does not change sign as we move across a criticaberx = ¢ from left to right,
then f (c)is not a relative extremum.



Finding Relative Extrema by Finding the Derivative of f
and Analyzingits Sign

We can find relative extrema algebraically:

Example 7: Find the relative extrema if (x) = x* —=3x® - 24x+ 32



Example 8: Find the relative extrema if (x) = xe*.



Example 9: Find the relative extrema if (x) =In(x— 3.



Example 10: After birth, an infant normally will lose weiglhdr a few days and then start gaining. A
model for the average W (in pounds) of infants dherfirst two week following birth is

W(t) =.033% -.3974 + 7.3032 0< t <14, wheret is measured in days. Find the interval(s) on tvhic

weight is expected to increase and the intervalfsihich weight is expected to decrease basedisn th
model.

From this section, you should be able to
Explain what we mean by an increasing (decreasurgition and relative extremum
State intervals where a function is increasingeasing) from a graph of the function
State intervals where a polynomial, exponentidbgarithmic function is increasing
(decreasing) algebraically
Find relative extrema of a polynomial, exponendialogarithmic function algebraically
Solve word problems involving interval(s) wher&uaction is increasing (decreasing)



